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ORDINARY DIFFERENTIAL EQUATIONS OF FIRST
ORDER AND FIRST DEGREE

Differential equations have wide applications in various engineering and science disciplines. In
general, modeling of the variation of a physical quantity, such as temperature, pressure,
displacement, velocity, stress, strain, current, voltage, or concentration of a pollutant, with the
change of time or location, or both would result in differential equations. Similarly, studying the
variation of some physical quantities on other physical quantities would also lead to differential
equations. In fact, many engineering subjects, such as mechanical vibration or structural
dynamics, heat transfer, or theory of electric circuits, are founded on the theory of differential
equations. It is practically important for engineers to be able to model physical problems using
mathematical equations, and then solve these equations so that the behavior of the systems
concerned can be studied.

1.1 DIFFERENTIAL EQUATION:

A differential equation is an equation which contains derivatives of dependent variables with
respect to independent variables, either ordinary derivatives or partial derivatives.
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1.2 TYPES OF DIFFERENTIAL EQUATIONS:
ORDINARY DIFFERENTIAL EQUATION:

A differential equation is called an ordinary differential equation, abbreviated by ode, if it has
ordinary derivatives in it.

. d?y dy _
EX'F_Z E+3y_0

PARTIAL DIFFERENTIAL EQUATION:

A differential equation is called a partial differential equation, abbreviated by pde, if it has partial
derivatives in it.

.0y _
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1.3 ORDER OF DIFFERENTIAL EQUATION:

The order of the derivative of the highest order present in a differential equation is called the

order of the differential equation
2
Ex: d—z +y =0; Hereorderis?2
dx



1.4 DEGREE OF DIFFERENTIAL EQUATION:

The degree of the derivative of the highest order present in a differential equation, when the
equation is made free from radical signs and fractions, is called the degree of the differential
equation.

2 2
Ex: + (d—y) + y = 0; Here degreeis1

:ﬁ dx
1.5 FAMILY OF CURVES

Sometimes a family of curves can be represented by a single equation. In such a case the
equation contains an arbitrary constant c. By assigning different values for ¢, we get a family of
curves. In this case c is called the parameter or arbitrary constant of the family.

Examples

(1) y = mx represents the equation of a family of straight lines through the origin , where m is the
parameter.

(i) x? + y? = a? represents the equation of family of concentric circles having the origin as centre,
where a is the parameter.

(iii) y = mx + c represents the equation of a family of straight lines in a plane, where m and c are
parameters

1.6 FORMATION OF DIFFERENTIAL EQUATIONS

Each family of curves has a differential equation.
To obtain the differential equation of the family of curves differentiate with respect to x , treating
the parameter as a constant. If the derived equation is free from parameter then the derived
equation is the differential equation of the family.

Note:

(i) The differential equation of a one parameter family is obtained by differentiating the equation
of the family one time and by eliminating the parameters.

(i) In general, the order of the differential equation to be formed is equal to the number of
arbitrary constants present in the equation of the family of curves.

PROBLEMS

1. Find the differential equation corresponding to y=Ax? where A is arbitrary constant.
Sol:  Giveny = Ax? (1)
y' = A(2x) -(2)
From (1) & (2); xy! = 2y, which is first order O.D.E



2. Find the differential equation corresponding to y=mx+f(m), m is arbitrary constants.
Sol:  Giveny=mx+ f(m) ---(1)
y'=m —-(2)
From (1) & (2); y = y*x + f(y!), which is first order O.D.E
3. Find the differential equation corresponding to y = a x + b x?, where a and b are arbitrary
constants

Sol:  Given y=ax+bx? (1)
yl=a+h (2x) —2)
y* = b(2) -—(3)

From (2) & (3), b=y*/2 anda=y'-y*  ---(4)

Substituting a and b in (1); y = (y! — y*H)x + x?(y*1/2); which is the second order O.D.E

4. Find the differential equation corresponding to y=Ae* + Be?* where A&B are arbitrary
constants
Sol:  Given y=Ae* + Be?*
= yl = Ae* + B(2e*) = y + B(2e%)
& y'! =yl + B(4e%)
Theny'! =yl + y1 —y = y11 — 291 + y = 0, which is second order O.D.E

5. Find the differential equation corresponding to y = a x> + b x +c where a,b and ¢ are arbitray
constants

Sol: Giveny=ax?+bx+c ---(1)
y'=a(2x) +b ---(2)
y' =a(2) ---(3)
ytt =0 ---(4), which is fourth order O.D.E

6.Find the differential equation corresponding to y = ae* +be® +ce® where a, b, ¢ and arbitrary
constants
Sol: y = ae* +be™ +ce*

= y' =y +be® +2ce™

& y'—y=he” +2ce*

=y —y* = 2be®™ +6ce® = 2(y' - y)+ 2ce™

= y" —3y' + 2y = 2ce*

= y" —6y" +11y* —6y =0 Which is third order O.D.E

7. Find the differential equation of a family of curves given by y = a cos (mx+b), a and b being
arbitrary constants.

Sol:
y = a cos(mx+b) @
:% = —masin(mx+b
X
d?y
= e —m?acos(mx+b) = —m?y [usin g(@]
X
_d?y 2 i . - . .
e + m- y=0is the required differential equation



EXERCISE

(1) Form the differential equation by eliminating constants log(y/x)=cx

(2) Form the differential equation by eliminating A and B from Ax? + By? =1

(3) Find the differential equation of the family of straight lines y=mx+(a/m), m is parameter
(4) Find the differential equation of the curve xy =a e* + b e™

(5) Find the differential equation by eliminating a and b fromy = a e + b &>

(6) Form the differential equation fromy=c¢x + ¢ —¢c®

(7) Form the differential equation fromy = k sin * x

ANSWERS

(1) log(y/)=2Z - 1 (2)X y22 + Xyys —yy1=0
3) Xgl)z—xllyl +a=0 (4) xy*t +12 yll— Xy =103
ES;%/ _2)?3’1)2(1?)32’:02 G y=xy +y —(y)
7) (1-x°)(sinH)“(y) =y

1.7 FIRST ORDER AND FIRST DEGREE DIFFERENTIAL EQUATIONS

A Differential Equation of order 1 and degree 1 is said to be First Order and First Degree
Differential Equation

d
The general form of first order differential equation is d—i =f(x, y)

Solution: A solution of a differential equation is an explicit or implicit relation between the
variables which satisfies the given differential equation and does not contain any derivatives.
Types of Solutions:

General Solution: If the solution of a differential equation contains as many arbitrary constants
of integration as its order, then the solution is said to be the general solution of the differential
equation.

Particular_Solution: The solution obtained from the general solution by assigning particular
values for the arbitrary constants, is said to be a particular solution of the differential equation.

1.8 SOLUTIONS OF FIRST ORDER AND FIRST DEGREE
DIFFERENTIAL EQUATIONS:

The first order and first degree ODE has certain standard types for which solutions can be readily

obtained by standard methods such as

Q) Variable-separable

(i) Homogeneous differential equation

(iii)  Non-homogenous differential equation reducible to homogenous differential equation

(iv)  Linear first-order differential equation (Leibnitz’s equation)

(v) Bernoulli’s differential equation

(vi)  Exact differential equation

(vii)  Non-exact differential equations that can be made exact with the help of integrating
factors



1.9 VARIABLES SEPARABLE

If it is possible to re-arrange the terms of the first order and first degree differential equation in
two groups, each containing only one variable, is said to be variable separable differential
equation.

METHOD OF SOLVING

d
Consider the O.D.E. d—z(,: f(xy) —()
Stepl: When variables are separated, the differential equation takes the formj—z = %

= f(x)dx — g(y)dy = 0,Where f(x) is a function of x only and g(y) is a function of y
Step2: Integrating, we get = [ f(x)dx — [ g(y)dy = c which is the solution of (1)

PROBLEMS

1. Solve the differential equation x dy + ydx =0
Sol: Given  xdy+ydx=0

= log y+log x=c

2. Solve the differential equation (1 + y2)dx = (1 + x2)dy
Sol: Given (1 + y?)dx = (1 + x?)dy

Integrating on both sides = [ o i 4 tan~lc

1

= tanly = tan"'x + tan"lc

3. Solve the differential equation Z—i’ = eV + x3e7V
Sol: Given Z—z = eV 4 x3e7V
d
N A (e +x3)e™
dx
= e¥dy = (e?* + x3)dx
Integrating on both sides = [eYdy = [(e** +x)dx + ¢
= eV = Lgax +x4 +
e’ = 26 4 c



4.Solve the differential equation x,/1 + y2dx + yV1 + x2dy = 0
Sol: Given x{/1+ y2dx + yv1+ x%2dy = 0
X

Y
= dr+ ———
V14 x? J1+y?
. . X Yy _
Integrating on both sides = f—m dx + [ dy =0

1+y2

dy=0

=Vi+x2+,1+y2=c

5. Solve (1 + e*)ydy = (1 + y)e*dx
Sol: Given (1 + e*)ydy = (1 + y)e*dx

Y
ﬁ—d =
1+y y 1+e*

ex

dx

Integrating on both sides

1 e*
= | [1 —E] dy = [ =dx+logc
= y —log(1 +y) =log(1 + e*) + logc
H H H dy 3x+y
6. Solve the differential equation —=e
dx
Sol: Given ﬂ:eg‘“y
dx
= ﬂze” .e¥
dx
= ﬂze” dx
ey

= _[e‘y dy=.|'e3X dx+c

3x

= —e Y = +cC

7. Solve (sin x + cos X) dy + (cos x —sin X) dx =0
Sol:  Given (sin X + cos x) dy + (cos x —sin x) dx =0
COS X —Sin X
=>dy+—=0
Sin X + COS X

€0S X—sin X
= jdy+j_— dx=c
sin X+ Cos X

= y+log (sin x+cosx) =c

dy
X

20—y

8. Solve =Y 4+ x%

- dy - 2 X
Sol: G L =e’(x +e
0 Iven dX ( )



¥ dy = (x?+e¥)dx
Integrating on both sides
= [e¥dy = [(x% + e¥)dx
y _ XS X
=e'=—+e"+cC
3
9. Solve (y—yx)dx+(x+xy)dy=0
Sol: Given  y(1-x)dx+x(1+y)dy=0
Integrating on both sides

=>.[1;de+.|‘1;ydy=0

=logx—x+logy+y=c

EXERCISE

(1) Solve 3¢* tany +(1-e¥) sec?y dy =0

(2) Solve Z—z = XtV 4 x2eX’+Y

(3) Solve (x? — yx?) 2+ (¥ +x2y?) = 0
(4) Solve tan x . sin®y dx + cos?x.cot y = 0
(5) Solve (xy+x)dx = (X2y*+x2+y?+1)dy

(6) Solve (1-x?)(1-y) dx = xy(1+y)dy

d 21 +1
(7) Solve ay — w
dx siny+ycosy

(8) Solve Dy
dx 1-x

ANSWERS
(1) tany = ¢ (1-€%)3 () eX+eY+1/3(e*’)=¢
(3) x-(1/x)-(1/y)-logy=c  (4)tan?x —cot?y=c
(5) log(x*+1) = y* — 2y +4 log[c(y+1)]
(6) log[x(1-y)*] = x*/2 —y*/2 =2y +c
(7 ysiny+x%logx=c (8) (1+y)(1-x)=c

1.10 HOMOGENEOUS DIFFERENTIAL EQUATION

A differential equation in x and y is said to be homogeneous if it can be defined in the form
dy  f(xy)

dx — g(xy)
where f(x, y) and g(x, y) are homogeneous functions of the same degree in x and y.

METHOD OF SOLVING
Consider the homogeneous differential equation

dy _ f(xy)

dx g(xy)



Stepl: If we put y = vx then Z—i’ = v+x Z—z and the differential equation reduces to variables
separable form

Step2: Use the method of solving of variable separable form

Step3: Replacing v = 2 we get the solution of the homogeneous differential equation

X

PROBLEMS
1. Solve (x2 + yz)dx = 2xydy
2 2
Sol: The given equation can be written as dy XAy ---(1)
dx  2xy
Here the RHS is homogenous function of x and y
Put y=vx :y—v+ xﬂ
= dx dx
2
(1)Becomes as xy = 1-v
dx 2v
By variable separable method = = - dv

After Integration we get x> —y* =cx as solution

2. Solve (3 + y3) dx = (X% y + x y?) dy
Sol: The given equation can be written as
3 3
oy eyt
dx x?y+xy?

dv  1+v° h 1-v:  (1-Vv)(1+V)
dx  v+v? V(v +1) V(v +1)

= v+log(@l-v)=-—Ilog x+c
Replacing v by y/x , we get y/x + log(x-y) = ¢
EXERCISE

(1) Solve (x*+ y?)dx — 2xy dy=0

(2) Solve (x2 — 2xy + 3y?)dx + (y? + 6xy — x3)dy =0

(3) Solve x sin(y/x);i—i’ = ysin(y/x) — X

ANSWERS: (1)x=c(x> —y?) (2) y® -9 xy? + 3 x?y — x3=c (3) cos(y/x) = log x + ¢



1.11 NON-HOMOGENEOUS DIFFERENTIAL EQUATIONS OF THE
FIRST DEGREE INx &Yy

. d
If a1,b1,c1 and az,bz,c2 are constants and atleast one of c1.c2 is not zero then ﬁ =

A1 x+bqy+cq
az; x+by y+cy
called non-homogenous differential equation of first degree in X & .

METHOD OF SOLVING

Stepl: Convert the Non homogenous differential equation into homogeneous form by
substituting x=X +h, y=Y+k where h& k such that a;h+bik+ci = 0 and a-h+b2k+c2=0
Step2: Use the method of solving of Homogenous differential equation

112 EXACT DIFFERENTIAL EQUATION

A differential equation of the form Mdx +Ndy=0 is said to be exact differential equation if
M _N
oy oX

METHOD OF SOLVING

To solve the exact differential equation M(x,y) dx+N(x,y)dy=0
. OM aN
Stepl: Find o and P
aM _ aN . . ¥
If@ = then the given equation is an exact DE
Step2: The general solution of the given equation is

fyconstant Mdx + [(terms in N which do not contain x)dy = C

PROBLEMS

1. Solve (2x—y+1)dx+(2y—x—1)dy=0
Sol: Given (2x—y+1)dx+(2y—x—1)dy =0---(1)
Compare (1) with M(X,y) dx+N(x,y)dy=0
Here M (x,y)=2x—y+1 N(xy)=2y—x-1
M _N__,
oy oX
So the given differential equation is exact hence the general solution is

fyconsmnt Mdx + [(terms in N which do not contain x)dy = C

= j(2x—y+1)dx+j(2y—1)dy:c

= X+y -Xxy+x-y=c

10



2. Solve (e” +1)cos xdx +e” sin xdy =0
Sol: Given (e’ +1)cos xdx+e’ sin xdy =0 ---(1)
Compare (1) with M(x,y) dx+N(x,y)dy=0
Here M(x,y)=(e” +1)cosx, N(x, y) = e’ sin x
oM ON |
—=—=¢e’CcosXx
oy oX
Hence the given differential equation is exact. The general solution can be written as

f Mdx + f(terms in N which do not contain x)dy = C

yconstant

=>j(ey +1)cos xdx+j0dy =c

=>(ey +1)sinx=c

3.Solve (xe*¥ + y);l—z + ye? =0
Sol: Given equation can be written as
(x e™ + 2y)dy + ye*¥dx = 0 ---(1)
Compare (1) with M(x,y) dx+N(x,y)dy=0

Here M = (x e™ + 2y) N=ye*>
6_M — xy xy 6_N = Xy Xy
2y — Y€ x+ e & 5 = xevyte
M _ 9N
So that E = 9

Hence the given differential equation is exact. The general solution can be written as

f Mdx + f(terms in N which do not contain x)dy = C
yconstant

J.(yconstant)yexydx-I_ dey = ¢

e*y
- —=C
y y - - -
=eY=c , This is the general solution

4. Solve €Y dx + (x e¥+2y)dy=0

Sol:  GiveneY dx + (x e¥+2y)dy=0 --(1)
Compare (1) with M(X,y) dx+N(x,y)dy=0
Here M =¢Y N=xe + 2y
oM oN _
oy = 24 & Pl 24
oM _ 9N
So thatg =

Hence the given differential equation is exact.
The general solution can be written as

11



f Mdx + f(terms in N which do not contain x)dy = C

yconstant

eYdx + [2ydy = ¢

f(y constant)
= xeY + y2 = ¢ ; This is the general solution

5. Solve (3x2y + f) dx + (x3 +logxdy) =0

Sol: Given equation is (3x2y + %) dx + (x3 + logx)dy = 0---(1)
Compare (1) with M(x,y) dx+N(x,y)dy=0

Here M = (3x2y + f) N= (x3 + logx)
M _ 3x241 & M —3x2 412
ay x dx x
oM _ N
So that E = o

Hence the given differential equation is exact.
The general solution can be written as

f Mdx + f(terms in N which do not contain x)dy = C

yconstant

= f(y constant) (3x2 + i—/) dx+ [0dy = ¢
= x3y + ylog x = ¢ ; This is the general solution
6. Solve (cos x — x cos y)dy — (sin y + y sinx)dx=0
Sol: Given (cos X — x cos y)dy — (sin y + y sinx)dx=0---(1)
Compare (1) with M(x,y) dx+N(x,y)dy=0

Here M = -sin y — y sin X N= cos X — X COS Yy
a—M——cos —sinx & a—N——sinx—cos
ay - y ax y
aM _ 9N
SOthatE— ™

Hence the given differential equation is exact.
The general solution can be written as

f Mdx + f(terms in N which do not contain x)dy = C

yCOnStant
= f(y Consmnt)(—siny —ysinx)dx+ [0dy = ¢

= —xsiny + ycosx = c ; This is the general solution

12



7. Solve [y (1 + i) + cos y] dx + (x + logx — x siny)dy = 0
Sol: Given equation is
[y (1 + i) + cos y] dx + (x +logx — x siny)dy =0

LetM = [y (1 +i) +cosy] N=(x + logx — x siny)
oM 1. aN 1.
£—1+;—smy & o = Lt —siny

oM ON
So that 5 = a

Hence the given differential equation is exact.
The general solution can be written as

f Mdx + f(terms in N which do not contain x)dy = C

yconstant

1
= f(y constant) ((1 + ;)y + cos y) dx+ [0dy= ¢
= (x + logx)y + xcos y = ¢ ; This is the general solution

EXERCISE

(1) Solve (y*—2xy)dx=(x*-2xy)dy

(2) Solve (2 x2+6xy-y?)dx+(3x2-2xy+y?)dy=0

(3) Solve Q+Y_COSX+sm s
dx sinx+Xcosy+X

(4) Solve (1 + e§> dx + (1 — i) ey dy=0
(5)Solve (x?+y?-a?)xdx+(x?-y>-b?)ydy=0

(6) Solve xdx + ydy + xi:i(jx R

(7)Solve (sin x.sin'y — x e¥)dy=(e¥+cos x.cos y)dx
(8) Solve (1+4xy+2y?)dx+(1+4xy+2x?)dy=0

ANSWERS

Dy x-xy=c (2) 2x3-9x%y-3xy?+y3=k
(3)ysinx+ (siny+y)x=c (4)x+ye§:c

(5) x*+2x2y?-yA-2a%x2-2%y?=c  (6) x? — 2tan™? (%) +y2=c¢
(7) xe¥+sin x. cosy =c¢ (8) X+2x%y+2xy*+y=c

13



1.13 NON EXACT DIFFERENTIAL EQUATION
A differential equation which is not exact is said to be Non exact differential equation.
METHOD OF SOLVING

Stepl: Convert Non Exact equation into Exact equation through Integrating Factor.
Step2: Use the method of solving of Exact Equation.

INTEGRATING FACTOR (I.F)

A given differential equation may not be integrable as such.But it may become integrable when it
is multiplied by a function.Such a function is called the integrating factor (I.F).

Hence an integrating factor is one which changes a differential equation into one which is
directly integrable.

Methods to find an Integrating Factor:

(1) If Mdx+ Ndy =0 is homogeneous then I.F.= Mx-1+ Ny
(2) If Mdx+ Ndy =0 is of the form y f(xy)dx+x g(xy)dy=0 then I.F.= Mxi Ny
M _oN
3) If % = £ (x)then! F =el "
N oM

(@) |f8XM—8y _ g(y)thenl F =/ ®0¥

PROBLEMS

1. Solve x*ydx—(x*+y®)dy =0

Sol: Given  X’ydx—(x*+y®)dy =0 ---(1)
Compare (1) with M(x,y) dx+N(x,y)dy=0
LetM (x,y)=x*y,N(x,y) = —(X3 + y3)

aM_ 2 g E)N_ 32

6y_x ox x
Then we have 6_M¢6_N
oy OX

So the given differential equation is not exact
But the differential equation is homogeneous so

14



oo 1 1

" Mx+ Ny - y*

Now multiplying the given differential equation throughout with ——- we get

X2 X +y° L . . .
—| — |dx+ -— |dy =0---(2), which is exact differential equation
y y
Compare (2) with M(x,y) dx+N(x,y)dy=0

Here M=— =
Hence the solution is

x3+ 3
& N= y{

yconstant

f Mdx + f(terms in N which do not contain x)dy = C

=>—J'X—de+jidy:c
y y
3
=>—3—y3+ log y =c is required solution
2. Solve y(xzy2 +2)dx+x(2—2x2y2)dy =0
Sol: Given y(x*y?+2)dx+x(2-2x"y*)dy = 0---(1)
Compare (1) with M(x,y) dx+N(x,y)dy=0
Here M (x,¥)=y(x*y*+2)  N(xy)=x(2-2x’y?)
oM

=3x’y? 42 N _ 2-6x°y°
oy OX
So the given differential equation is not exact, but it is of the form
yf (xy)dx+xg(xy)dy = OHence
_ 1 1
T Mx—Ny 3x%y°

Now multiplying the given differential equation throughout with I.F. we get
x2y? +2 X+2—2x2y2 dy:O"'(Z)
3x3y2 3x2 y3

Clearly we observe that it is exact differential equation.
Compare (2) with M(x,y) dx+N(x,y)dy=0

_ x%y?%42 _2-2x%y?
Here M=— X357 & N

3x2y3
Hence the solution is

yconstant

f Mdx + f(terms in N which do not contain x)dy = C

15



1)1 2 1 2¢1
ﬁ(éjj‘;dX"FWIFdx—egdy:C
:llogx———glog y=c¢
3 3x*y? 3
3.Solve (x?y? + xy + )ydx + (x?y? —xy + 1)xdy = 0
Sol: Let M(x,y)=(x?y?+xy+1)y & N(X,y)=(x?y?-xy+1)x
0

M ON
— =3x%y?+2xy+1#—=3x%y? - 2xy+1

dy dx
So the given differential equation is not exact , but it is of the form
yf (xy)dx+xg(xy)dy = 0OHence
1 1

I.F

" Mx—Ny 2x%y?
Now multiplying the given differential equation throughout with I.F. we get
(x%y?2 +xy+ 1)y (x%y? —xy+ 1)x

2x2y? X+ 2x2y?

y 1 1 1
=>(—+—+—>dx+(———
x  2x%y y

dy=0

Clearly we observe that it is exact differential equation.

yconstant
1 1 1

2l 1
= Sl Nz =
2 T OB T oy T2y TS

4. Solve 2xydy —(x* +y* +1)dx =0
Sol: Let M=—(x*+y*+1) N =2xy
M _ N

=2y # 2
Py y o y
So the given differential equation is not exact
M _oN
Bt ¥ X _ 2_¢(x
N X

_[2ax
so LF=¢e he :iz
X
Now multiply the given differential equation through out with I.F. we get
2
ﬂdy—(ljty—ﬁizjdx:o
X X° X

Observe that it is exact,hence the solution is

16



—j[1+i—j+x—12]dx+jo dy=c

y?—x*—cx+1=0
5. Solve (xy*+y)dx+2(x2y?+x+y*)dy=0

Sol: Let M(X,Y)=xy*+y & N(X,y)=2x2y*+2x+2y*
aM—B 2¢aN—4 242
oy Y Togx T Y
So the given differential equation is not exact and
oM ON
oy ox _ _ (xy*+1) 1 _ o-Tomay = JG)W _ Jlogy _
M oy y—g(y) Hence .F.= e /I = " W/™" = 08V =y

Now multiplying the given differential equation throughout with I.F. we get

(xy*+y?)dx+(2xy*+2xy+2y°)dy=0
Clearly we observe that it is exact differential equation. Hence the solution is

[ ey (@ =c

yconstant

2 6
= y* <%>+y2(x)+ 2(%) XC

6. Solve (y*+2y)dx+(xy®+2y*—4x)dy=0
Sol: Let M(x,y)=y'+2y N(Xy)=xy’+2y"—4x

a—M:4y3+2;«t8—|\|=y3—4
oy 19)4

So that given differential equation is not exact but
oN oM

oXx oy 3
T
Y ;)
1
N

,IE
IF=e Ydy=

Multiply the given differential equation thought out with i:% we get

y
2 4x .
y+— [dX+ x+2y—F dy =0, which is exact DE
y

Now the solution is

2
f (y+?>dx+f2ydy=c

y constant

= (y+%)x+ y?=c isthe required solution
y

17



EXERCISE

(1) Solve (x*+y*)dx-xy*dy=0

(2) Solve y(1+xy)dx+x(1—xy)dy=0

(3) Solve y(2xy+e*)dx=e*dy

(4) Solve (xy* +y)dx+2(x*y* +x+y*)dy =0
(5) Solve (xy?-e'/**)dx — x?ydy = 0

(6) Solve (x2y?+x)dy+(x2y>-y)dx=0

(7) Solve (y+xy?)dx-xdy=0

(8) Solve (x?y*+1)dx+x*y?dy=0

ANSWERS
(1) y*=4x*log x+cx* (2)log(x/y)-(1/xy)=c
et _ x?yt e _
(3)x2+;—c H= +y2x+3—c
(5)2exw — 2 = ¢ (6)(2y?)/2+log(y/x)=c
(7)(XIy)+(x%2)=c (8)(xy)*/3+log x =c

1.14 LINEAR DIFFERENTIAL EQUATION

A first order differential equation is said to be linear when the dependent variable and its
derivatives occur only in first degree and no product of these occur.

Note:
1. The general form of first order linear differential equation with y as dependent and X as

d
independent valuables is Sy p(x)y =Q(x),where P and Q are functions of x only

dx
2. The general form of first order linear differential equation with x as dependent and y as

independent valuables is 2—; + P(y)x = Q(y),where P and Q are functions of y only
METHOD OF SOLVING

d
_Step1: Express the given linear DE in the standard formd—iJr p(x)y=Q(x) or

T PO)x= QW)
Step2: a) The general solution of %+ p(x)y=Q(x) is

y(1F)=[Q(x).(1F )dx+c where L.F. = &) "
b)The general solution of Z—;i + P(y)x = Q(y)is
x(I.F) = [ Q). F)dy + c,where |.F. = ¢/ POy

18



PROBLEMS

1. Solve (x? - 1) 2 + 2xy = 1
Sol: The given differential equation can be written as

dy 2x _ 1
dx + (xz—l)y T x2-1 -“(1)

Compare (1) with %4‘ p(x)y=0Q(x)

2x _ 1
2x2—1 and Q= x2-1
|.F.=efPdx = efxz—fldx = elog(¥*-1) = x2 _ 1
The Solution of the given equation is
y(IF) = [QUF)dx + ¢

2 _ 1) — 1 2 _
=y(? -1 =[5 (& - Ddx +c¢

yx?2 -1 =[dx+c=2>yx?*—-1)=x+c

Here P =

2. Solve coszxz—z +y =tanx
Sol: The given differential equation can be written as
Z—z + sec?x y = tanx sec?x ---(1)

Compare (1) with %‘i‘ p(x)y=0Q(x)
Here P=sec?x and Q=tan x sec?x
| F.=e/Pdx — efseczxdx — ptan x
The Solution of the given equation is
y(IF) = [QUF)dx + ¢
= y(e'¥"*) = [(tan x sec?x)e®™ *dx + ¢
[Putting tan x = t, sec?x dx = dt]
= [tetdt + ¢
=te'-e'+ ¢
= (tan X -1 )e""*+c
y=(tan x -1)+c g x

3. Solve (1+y*)dx=(Tan"y—x)dy
Sol: The given differential equation can be written as
-1
%+ 1 : X:tan 2y___(1)
dy 1+y 1+y
Compare (1) with Z—; + P(y)x =Q(y)
— and Q(y)=

1+y?2

tan~ly
1+y?2

Here P(y)=

19



tan"ty

1
LF. —el?0 edey =e
The general solutionis  x(I.F) = [ Q(y)(I.F)dy + ¢

-1
= xe™ Y = j tfn 2y
+y

e Yy +¢
=gV (tan‘1 y —1) +C

-1
 x=(tanty-1)+ce™
e,

4. Solve: x(x—l)%— y=x*(x-1)

Sol: The given differential equation can be written as

dy _y
2 _ — -1 ;
dx x(x-1) X(x=1)
IE = efjﬁdx _ ej(%_x%l}jx _ elog(xilj _ X
x-1
3
The general solution is yxi_1=jx(x—1)(x)il) dx+c :X?+c

5. Solve (1- xz)ﬂ— xy=1
dx

Sol: The given equation is (1—x2)%—xy=1
X

:ﬂ— X vy 1
dx 1— x? 1— x?
dy

This is of the form &Jr Py=Q

—X o 1

1—x2 1— x?2

=I1.F = el P efl—dex =+/1—x?

The general solution s,

y(I.F) =J'Q(I.F)dx+c
yv1—x2 =_[ ! \V1-x? dx+c

1-x?
:I dx S

V1-x?
yv1—x? =sin ' x+c

6. Solve d—yjtycosx:lsin 2X
dx 2

Sol: The given differential equation can be written as
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dy 1.
—Z +yCcosX==sin 2x---(1
oY > (1)

X

Compare (1) with %‘i‘ p(x)y=0Q(x)

Here P = cos x and Q =% sin 2x
|_|:_:edex — efcosxdx = eSinx

The general solution s,
y(1.F) = jQ(l F)dx+c

= J'%sin 2x (e ) dx+c

=Isin xcosx es™ dx + ¢ Let sin x=t
=Itetdt +cC cos x dx = dt
=e'(t-1)+c
=e ™ (sin x—1)+c¢C
d .
7. Solve cos x—y +ysin x=1
dx
Sol: The given equation can be reduced to
d sin X 1 d
—y+ = or —y+ytanx=secx
dx COS X COS X
Here P =tan x ; Q=secx

tan xdx
I.F = ej = g'095%X — gac x

The general solution s,
y(I.F) = jQ(l.F)dx+c

y(secx) = Isec 2xdx+c

=tan X+ C
EXERCISE
(1) Solve dy _ _ (xtycosx)
dx 1+sinx
dy 2y 5x°

(2) Solve ———=
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(3)Solve (x + 1)% —y =e3(x+ 1)?

. T
4x cosec x given y = 0 whenx = -

X
(5) Solve x cost—z + y(xsinx + cosx) = 1 ((((
e™*  y\ay _
©6) Solve( — —ﬁ)a —1
(7) Solve z—z +y=e®
W4V cin o2
(8) Solve o, T sinx
dy
9) Solve (x+2y®) 2L =
(9) Solve(x+2y")-~ =y
(10) Solve y2dx + (xy — 2y? — 1)dy = 0
ANSWERS y
2
(L)y(L+sin X)= -(2/2)+c 2)y= Iog( X+2 )c
7 3-2x

(3)y/(x+1)=e>/3+c
(5) xy sec x=tan x+c
(7) ye* = e +¢

(9 x=y*+cy

2

(4)ysinx = 2 x? —%
(6)ye?V* = 2\x ¥ ¢

(8) xy =%cosx2 +c

(10)xy=y?*+log y +c

(4)Solve Z—i’ + y.cotx =

1.15 NONLINEAR EQUATION REDUCIBLE TO LINEAR FORM
[BERNOULLI‘S D.E.]

An equation of the form

which is nonlinear.

METHOD OF SOLVING

3X+p(X)y=Q(X)y"

is called Bernoulli’s Differential equation

Stepl: Rewrite the given ODE into standard form of Bernoulli’s equation

Step2: Dividing both sides by y"

1-n

Step3: Put z=y

then the given ODE becomes as linear differential equation of ‘z’

Step4: Solve linear differential equation in z by the method discussed previously and replace z

by yl—n

PROBLEMS

1. Solve xd—y+ y=x’y°
dx

y

2,,6

d
Sol: The given differential equation is d—§+; =Xy ---(1)
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Divide with y® we get; ieﬂ+i51=x2
ydx y’ X
SPRERI Y.
y y® dx 5 dx

dz 5
.. (1) Because as Fo ~5x? which is LDE in z

5
IE —o -1
X

. 1 5
Hence the general solution is z (—sj = j——sdx +C
X X

1
X5y5
dy x _
2. Solve Tt Y= xﬁ
Sol: The given differential equation can be written in the standard form % + 1_xx2 y=x[y

=%+c is solution of given DE
X

e . —ldy X 1_
Dividing by \/y; ¥ 2t Loy =x (1)
Put z = ﬁ
dxd 2 dCch
Z _1/, ay
2.— =y~ /2=
=4 dx
dz X
Q)= i.a Tt aZ=x
zZ X
E-I_ 2(1_362)2 =x/2

X
I.F = ef[z(l‘xz)]dx = e_l/‘“(’g(l—xz) =(1- xz)—1/4
Hence the general solution is

2(1 = x?)~Ya = fga —x?)Yadx + ¢
= z(1—x2)" /4 = —%(1 —x2) /a4 ¢
—=z= —%(1 —x?) +c(1—x2)"
wJy = —%(1 —x2) +c(1—x2)"a

sin x cos?x

w_ —
3. Solve —= —y tanx = >

Sol: The given differential equation can be written in the standard form

d .
y? ﬁ —y3tanx =sinxcos?x ---(1)
d d
Putz = y3 :>£=3y2£
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1d d
_,1dz _ pdy
3 dx dx
1dz .
(V)= ;- —ztanx = sinx cos?x
X

dz .
= = 3ztan x = 3sinx cos?x

P=-3 tan x;Q=sin X cos?X
|.F = e~3/tanxdx — p3logcosx — ~ns3y
Hence the general solution is

Z.c083x = f 3sin x cos?x.cos3xdx + ¢

:-fcos x(—sinx)dx + c
cos x

= z.cos3x = — +c
6
= y3.cos3x = —COS “+c
dy . _ 3 2
4. Solve -, T xsin 2y = x° cos‘y
. .. d .

Sol: Given equation is é + xsin 2y = x3 cos?y ---(1)

1 dy | 2si
dy smycosyx — 3
cos?y dx cos?y

= seczy% + (2tany) x = x3 ---(2)

d_u

a dx

Substituting in (2), we get d—xu + 2ux = x3 , which is a linear equation of first order
|lF.= [.F.= elpax = gf2xdx — ox*

Puttany=u so that seczy% =

Hence the general solution is;
UeX? = fx3ex2dx + ¢ (put x? = t so that 2xdx = dt)

= f%etdt+c = get(t—1)+c= %exz(x2—1)+c
Substituting u = tan y, we get the general solution of (1) as
(tany) e*” = %exz(x2 -1+c

5. Solve tj‘% = (1 + x)e* secy
Sol: Given equation is 22 tff;’ = (14 x)e* secy
Dividing secy we get; cosyd Slljy =1 +x)e* --(1)
Put sin 'y = u so that cosy d— = Z—z
Now (1) become — - : = (1 + x)e* ---(2), which is linear in u
Here P——X —(1+x)e
|[E=efPdx — o -1 p-log(i+x) — L

x+1
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The solutionof (2)is  u(L.F) = [QxI.F.dx +c
ie., 11:_x = [(1+ x)ex.ﬁdx +c= [e*dx+c
e, u=(1+x)(e*+c¢)
or sin y = (1+x)(e* +c), which is the required solution

6.Solve 2ycos y? Z_i: — 2 siny? = (x + 1)3

i i 1+x
Sol: The given equation
2% 2 Gigy? = 3
2ycos y*—————siny* = (x+1) (1)
Put z = sin y? ; ;
Z 2 y
S— = L2y —
dx cosy Y dx
az _ 2, _ 3
(1): dx x+1Z 2_ (X + 1)
-__2 — 3
Here P= I and Q=(x+1)

I.F = e—f%dx = g~2log(x+1) — #
(x + 1)

Hence the general solution is
1 1
—= (1 5,——d
Z(x+1)2 f( + x) G+ 1)2 x+c

1 (x+1)

= =
T+ 1)? ; A

siny? _ (x+1)2
(x+1)2 2

+c

EXERCISE

(1) Solve Z—Z = 2ytan x + y?*tan®x

(2) Solve %+ ytan x = y®sec x
X

1dy 11
e e

= 1
y<dx VX

(3) Solve
(4) Solve x% — y% + 2xy3—3: =0
(5) Solve dx — (x2y*+xy)dy=0
a
(6) Solve ﬁ + (%) logy = %(logy)2
(7) Solve x% +y =y?logx
(8) Solve y2dy = (x3 + y3)dx
(9) Solve ny% =y?2-2x3y(1) =2
(10) Solve % +y+ y?(sinx —cosx) =0
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ANSWERS

sec?x tan3x 1 _
Q) il S~ (2);cosx— x+c
(3)yix=c—logx (4)y =3 —2sinx + ce~Sinx
5)x(2—-y23) + cxe 7 =1 (6) (1+cx)logy =1
(7) y(cx+1+log x)=1 B)y? = —x3 —x?— gx - % + ce®*
(9) y? = x(5 —x?) (10) y(ce* —sinx) = 1

APPLICATIONS OF FIRST ORDER DIFFERENTIAL EQUATIONS

1.16 OTHOGONAL TRAJECTORIES

A curve which cuts every member of a given family of curves at a right angle is an orthogonal
trajectory of the given family.

I. Orthogonal trajectories in Cartesian Co-ordinates:

Working Rule:

To find the family of orthogonal trajectories in Cartesian form i.e., f(x,y,c) = 0 ---(1), be the
equation of given family of curves in Cartesian form

Step1: Eliminate ¢ from (1) and obtain the differential equation F(x,y,y!) =0 ---(2) of the given

family of curves
d_x
dy

FOxy- ) = 0—(3)
Step3: Solving the equation (3) to get the equation of the family of orthogonal trajectories of (1)

Step2: Replace Z—z by — in (2). Then the DE of the family of orthogonal trajectories is

PROBLEMS

1. Find the orthogonal trajectories of families of semi-cubical parabolas ay? = x3, where a is the
parameter.

Sol: The given family of semi-cubical parabola is ay? = x3---(1)
Differentiating w.r.t. X, we get, a.2y. Z—i’ =3 x? --(2)
Eliminating ‘a’ from (1) and (2), we get 3y = ZxZ—Z --- (3),

is the differential equation of a family of curves

To get the differential equation of family of orthogonal trajectories, we replace Z—Z by — %
- _ 2, &
Hence y= 3% 5 (4)
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Solving this we get the differential equation of family of orthogonal trajectories.

Separating the variables, ydy = — 33xdx

2

3 3 2
Integrating , we get - = —x? +c- ’;—C + 32’—C =1 , which is the equation of the family of

orthogonal trajectories

2. Find the orthogonal trajectories of hyperbola xy=c.

Sol: The given curve is Xy = ¢ ---(1)
Differentiating w.r.t. X, we get, x. Z—i’ +y =0 --(2)

is the DE of the given family

To get the differential equation of family of orthogonal trajectories, we replace Z—i’ by — Z—;
d
Hence x (— ﬁ) +y=0 -—--(3)
Solving this we get the differential equation of family of orthogonal trajectories.
Separating the variables, ydy = x dx
2 2
Integrating , we get y? = x? + ¢ = x? —y2? = a? , which is the equation of the family

of orthogonal trajectories

3. Find the orthogonal trajectories of the family of circles passing through origin and centre on x-
axis

Sol: Given family of circles is x? + y2 + 2gx =0 (1)
=>2x+2yg+ 2g=0 =>x+yd—y+g=0
dx dx
d
= g=-x-yZ -

Substituting in (1), we get x? + y? + 2x(—x — yz—z) =0

= y?—- x%- 2xy3—z =0 --(3)

Replacing % with — Z—i , we get the differential equation of the corresponding orthogonal

trajectories as y2— x2 + 2xy Z_; =0

=>2xd—x=2—2
ydyx y

Taking x2 = u, we get 2x & = &
dy dy
The differential equation of orthogonal trajectory becomes Z—; — 3 = —y, which is a linear

eqn
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1
IF.= e [y® = g-logy = 1
y
General solution is iu = f—y.idy = —y+c
:i.xz = -y+c

4. Prove that system of parabolas y? = 4a(x+a) is self orthogonal
Sol: Given parabola is y? = 4a(x+a)

= y? = 4ax + 4a? --(1)
Differentiating (1) with respect to x, we get 2yy: = 4a
—a=22 —(2)

2
Substituting (2) in (1), y2 = 4.2 + 4.2
or y? = 2xyyi1 + y2yi? --(3)
Equation (3) is the differential equation of the given system of parabolas. Replacing y1 with -
1/y1 we get equation of the orthogonal trajectories as
y? = 2xy(-1lys) + y*(-1/y1)*
= y? = 2xyly1 + Ylyi?

=Yyl =29y +y —(4),
which is differential equation of the orthogonal trajectories of the given family .
Equations (3) and (4) are same, hence the given system is self orthogonal. \

I1.0rthogonal trajectories in polar co-ordinates:

Working Rule:
To find the family of orthogonal trajectories in polar form i.e., f(r,6,c) =0  --- (1), be the
equation of given family of curves in polar form

Stepl: Eliminate ¢ from (1) and obtain the differential equation F(r,e,j—;) =0 ---(2) of the given
family of curves

Step2: Replace Z—; by —r? Z—; in (2). Then the differential equation of the family of
Orthogonal trajectories is F(r,0,-r2 Z—;) =0--(3)

Step3: Solve the equation (3) to get the equation of the family of orthogonal trajectories of (1)

PROBLEMS

1. Find the orthogonal trajectories of the family of cardioids r=a(1-cos0),where a is parameter
Sol: Given equation of the family of cardiods is r=a(1-cosf) ---(1)

Differentiating with respect to 6 we get
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dr . 1 dr
—_— = —t = —_ -_—
dae a sind a sin6 dé (2)

iminati -1 1 ar
Eliminating a from (1) and (2), we get r= s (1 —rcosH) "

dr r sinf dr %]
_—= D — =17 — -_—
de 1-cos @ de cot 2 (3)’

which is the differential equation of family of given curves.

2 48

To get the differential equation of the family of orthogonal trajectories replace Z—; by —r =

in (3).
Then —r2< =rcot? = < = —tan(})do
Integrating, log r = 2 log cos (g) + log (2¢) = log (2¢ c0s%6/2)

= r = 2c¢ cos? (g) = r = c(1 + cos 0) , which is the equation of family of orthogonal
trajectories.

2. Find the orthogonal trajectories of the family of curves r"=a" cos nf,where a is parameter
Sol: Given equation of the family of curves r"=a" cos nf ---(1)
Taking logarithms on both sides n log r =n log a + log cos nf

Differentiating with respect to 6 we get
1dr 1

. 1dr
n-o— =— n(—sinnf) = N\ 7 —tan nf---(2),

which is the differential equation of family of given curves.

To get the differential equation of the family of orthogonal trajectories replace z—; by —

de .
r2 = in(2).
1 de de d de
Then —(—rz—) = —tannf =r = =tannf = ==
r dr dr r tan nf

Integrating, we get log r = (1/n) log sin nf +(1/n) log ¢ = log r" = log sin n6+log ¢

= r™ = csinn 6 , which is the equation of family of orthogonal trajectory
EXERCISE

(1)Find the orthogonal trajectories of the given family of curve e*+e”¥Y=c
(2) Find the orthogonal trajectories of the given family of curve x?+y?=c?

(3) Find the orthogonal trajectories of the given family of curve y?=4ax

x2 2
4

(4)Show that the system of confocal conics 2 T hea

= 1,where 1 is the parameter, is self

orthogonal
(5) Find the orthogonal trajectories of the given family of curve r? = a sin 20
(6) Find the orthogonal trajectories of the given family of curve r = a(1 + cos 6)
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(7) Find the orthogonal trajectories of the given family of curve r = a cos?6
(8) Find the orthogonal trajectories of the given family of curve r? = a? cos 26

ANSWERS
(1)e¥-e™*=k (2)y=kx
(3)2 x2+y*=k (5) r? = c cos 26

(6)r=c (1 —cos ) (Mr2=csinb
(8)r? = c?sin 20

1.17 NEWTON’S LAW OF COLLING

The rate of change (in time) of the temperature is proportional to the difference between the

temperature T of the object and the temperature Ts of the environment surrounding the object.
= —k(T —Ty) k>0
Letx=T-Ts
sothat £ = %L angd
dt dt

The above differential equation becomesd x/dt=- kx

The solution to the above differential equation is given by x= A eX
substitute x=T-Ts so that T —Ts = A e "Xt

PROBLEMS

1. A body is originally at 80°C and cools down to 60°C in 20 minutes. If the temperature of the
air is 40°C, find the temperature of the body after 40 minutes.

Sol: Let T be the temperature of the body at time t.
ar

By Newton’s law of cooling, we have e —k(T —Ty)

== k(T —40) --(1)

Integrating on both sides, we get f% = —k [dt
= log (T — 40) = —kt + logc
= log (—=) = —kt

T—-40 -
e _C =e ket

=T —-40=ce* -—-(2)
When t=0, T= 80° and when t=20,T=60°
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Substituting in (2) we get c=40 and 20 = ¢ 2%

20 -
— 20 _ 20k
40

1
=k =—-log 2
1
Then (2) becomes T — 40 = 40 e~ (Gstos 2)t
1
When t=40, T = 40 + 40 e—(%log 2)40 = 40 + 40e 2092 = 500C

2. If the temperature of a body is changing from 100°C to 70°C in 15 minutes, find when the

temperature will be 40° C, if the temperature of air is 30°C.

Sol: By Newton’s law of cooling, we have Z—: = —k(T —Ty)

= ‘;—: = —k(T - 30) (1)

Integrating on both sides, we get f% = —k [dt

= log (T —30) = —kt+c
At t=0, T=100°C , Then c= log 70°
Substituting in (2) we get log (T-30°) = -kt + log 70 ---(2)
Then kt = log (70) — log (T-30)
Again when t=15, T =70°;
15 k = log 70° — log 40° - (3)

__log 70—log (T-30)
- log 70—-log 40

Dividing (2) with (3), we get —
When T= 400_ L __log70-log10 _ log7 __ 348
"15  log 70—log 40 log% o
Then t=52.20

The temperature will be 40°C after 52.2 minutes
3. If a substance cools from 370K to 330K in 10 minutes,when the temperature of the

surrounding air is 290K, find the temperature of the substance after 40 minutes.
Sol: Let T be the temperature of the body at time t.

By Newton’s law of cooling, we have Z—: =—k(T—-T,)
- % = —k(T — 290) (1)
Integrating on both sides, we get fT_dzTgO = —k[dt
= log (T —290) = —kt + logc
= log (—22) = —kt

Cc
T-290 -
— okt
c

=T —-290=ce™* ---(2)

31



When t=0, T= 370° and when t=10,T=330°

Substituting in (2) we get c=80 and 40 = ¢ ™%
— 20 _ 10k
80

1
:k—ﬁlogZ

1
Then (2) becomes T — 290 = 80 e (5ol 2)t
When t=40,

T = 290 + 80 e~(16°9.2)40 = 290 4 goe—+092 = 2950¢
4. A cup of tea at temperature 90°C is placed in a room with temperature as 25°C and it cools to
60°C in 5 minutes. Find its temperature after a interval of 5 minutes. Also find the time at which
the temperature of tea will come down further by 20°C.

Sol: Let T be the temperature of the body at time t.
T

By Newton’s law of cooling, we have Z—t =—k(T—-T,)

= = —k(T - 25) (1)

Integrating on both sides, we get fT‘j—ZS = —k[dt

= log (T — 25) = —kt + logc

= log (T_C—ZS) = —kt

T-25 _  _ gt

Cc
=T —-25=ce® ---(2)
When t=0, T= 90° and when t=5,T=60°
Substituting in (2) we get c=65 and 35 = ¢ e
35 _
65

e—5k

1 13
=k = E lOg 7
~(b0g )t
Then (2) becomes T —25=65¢e \s 7
When t=10, T = 25 + 18.8 = 43.8°C
Temperature of tea after a further interval of 5 minutes=43.8°C

Now when T=60-20=40, we get 15=65¢™

ek'=65/15
1 13 5log(13/3) .
=1t —;lOg ?—m— 11.8 min

5. An object whose temperature is 75°C cools in an atmosphere of constant temperature 25°C at
the rate of k6, 6 being the excess temperature of the body over that of the temperature. If after
10 minutes, the temperature of the object falls to 65°, find the temperature after 20 minutes. Also
find the time required to cool down to 55°.
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Sol: We will take one minute as unit of time. It is given that i —-k6 ---(1)
Solution of (1) is 8 = ce™*¢ --(2)
Initially when t=0, §=75-25=50. Hence c=50
(2= 6 =50e7k  ---(3)
When t=10, #=65-25=40. Hence 40 = 50 e1%j.e.,e1%=4/5 ---(4)
Putting t=20 in (3), we get
6 = 50e~2% = 50(e 179" = 50(3)?
Hence the temperature after 10 minutes =32+25=57
EXERCISE

(1) A body is originally at 140°C and cools down to 80°C in 20 minutes. If the temperature of the
air is 30°C, find when the temperature of water will become 35°.

(2) Water at temperature 100° cools in 10 minutes to 80°C in a room of temperature 30°C. Find
i)the temperature of water after 20 minutes ii)the time when the temperature is 40°C

ANSWERS

(1)60 minutes
(2)(i)58.5°C  (ii)57 minutes

1.18 L-R CIRCUIT

Let us consider the RL (resistor R and inductor L) circuit. At t = 0 the switch is closed and
current passes through the circuit. Electricity laws state that

i) The voltage across a resistor of resistance R is equal to R i and

ii) The voltage across an inductor L is given by L di/dt (i is the current).

By Kirchhoff’s law, the total potential drop(or voltage drop) in the circuit is equal to the applied
voltage(emf) i.e.,

L di +IiR=FE
_ ac T
Where E is a constant voltage.
By voltage law,
L di +iR=FE
ac T
di+R'—E hichis a li ti
dt Ll = I ) wnicn ts a tlinear equation

Rt
Its solution is given by i = g +cel

Att=0,i=0, ¢c=-=
R

(1)

| &

sl =
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PROBLEMS

1. Avoltage E e is applied at t=0 to a LR circuit. Find the current at any time t.
Sol: The differential equation governing the LR circuit is

di R. emf Ee %
4 -=—=—-(1
dt + L L L ( )

Rt

R
Equation (1) is linear equation; Then IF=el1% = e
Therefore, the solution is

i(IF) = f EeL_ C (Fydt+c

Rt —at RT
el = [Z—(eL)dt+c
E RT_at
=—[e1 *dt+C
L

And so i=——e ® +Ce™ T
R—alL

RT
Using the initial condition i(0)=0, we get C=— X Hencei=-—2— [e‘at - e'T]
R—alL R—alL

2. A simple electrical circuit containing a resistance R, inductance L, and capacitance C in series.
If the electromotive force E=v sin wt. Find the current i.

Sol: By Kirchhoff’s law,
L%+ IR=E =vsinwt
di R . v .
— Tpi=sinwt ---(1)

Equation (1) is linear equation; Then
Rt

R
|F:effdt =eL

V
~i(IF) = fzsin wt(IF)dt + ¢

. Rt vV . Rt
el = [—sinwt.eTdt+c

. B V [Rsin wt—wLcoswt Rt
el =— LeLr +c¢
l RZ+W?2L2
. [Rsin wt—wLcoswt _Rt
or 1=V +ce L
. o RZ+W?2L2
Initially, when t=0,i=io
. VwlL
Coiot—H——=
0 Rz w2 2 R
, t
- Rsin wt—wLcoswt . VwL -
si= | |+ [io + ] e
RZ4+W2[2 0 " R24w2r2
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EXERCISE

(1) When a resistance R is connected in series with an inductance L henries, an emf of E volts,
the current | amperes at time t is given by LZ—i + iR = E.If E=10 sin t volts and i=0, when t=0,
find i as a function of t.

(2) Find the solution of the equation LZ—i + iR = 200.cos 300 t,when R = 100,L=0.05, and find i

given that i=0 when t=0, what value does | approach after a long time.
(3) When a switch is closed in a circuit contamlng a battery E, a resistance R, and an inductance

L, the current i builds up at rage given be L + iR = E find i in terms of t.How long will it be

before the current has reached one-half its maX|mum value if E=6 volts, R=100 ohms and L=0.1
henry.

ANSWERS

(1)I‘ (Rsmt—Lcost+Le /L)

—40 _ 800 ,—200¢. 40
(2)i =105 (20 cos 300t + 3sin 300t) 705 € ;and — 75
(3) 0.000693 seconds
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LINEAR DIFFERENTIAL EQUATIONS OF
HIGHER ORDER

DEFINITION:

n n-1 n-2
d 3/ + P1(X)%+ Pz(x)%+ ..... +P (X)y =Q(x) is called

a linear differential equation of order n. where Py(x) ,P2(X),...Pa(X) and Q(x) are all continuous
and real valued functions
of x.

2.1 LINEAR DIFFERENTIAL EQUATION WITH CONSTANT
COEFFICIENTS

An equation of the form

ny d nfly d n72y
HACEeESLACkw

n

Def. An equation of the form

+..t Py =0Q(X)

e (A)
is called as an ordinary Linear Differential Equation of order n with constant coefficients..
Where P1, P»....Pn are real constants and Q(X) is a continuous function of x

Complete solution: To find the complete solution of the differential equation of n" order
with constant coefficients.
n n-1 n-2

2X¥+al ;lxnl+azoI n7y+ ..... +a,y= X .. (B)
F(D)y =X

y=complementary function +Particular integral [ y=C.F.+P.l ]
2.2 AUXILIARY EQUATION:
Consider the differential equation,
(D" +a,D""+a,D"* +....+4a,)y=0 ..(2)

Let y=e™ is solution of (1)
Then Dy=me™
Dzy:mzemx

Dny:mnemx

Substituting above values in (1) we get ,(m" +am"* +a,m"? +....+a,)e™ =0

m"+am"t+a,m" +..+a,=0 (2),e™ £0.
Equation (2) is called auxiliary equation (1)
d> d°

el with D, D?, D? ... so that
X

Operator D: Let us denote i—z
dx dx

36



oy =L (y), Dzy:i(y), D%y =d—3(y) ------ :
dx dx? dx®

The equation (1) can now be written in the symbolic form as

(D" +PD" +P,D"? +....+ P,)y =Q(x)

ie.f(D)y=Q(x)

Where f(D)=D"+PD""+P,D"? +....+ P, is a polynomial in D . The symbol D stands

for the operation of differentiation. f (D) follows the usual rules of algebra .

Procedure to find complementary function of f(D)y = X:

v" Form the Auxiliary equation f(m)=0

v Solve the Auxiliary equation f(m)=0 to get the roots my, mz.....my .

v Corresponding to these roots write the terms in C.F using the following table.

S Roots of A.E f(m)=0 C.F. (Complementary Function)

.No

1 M1,M2,M3,....Mx i.e., all roots are real and C1eM+CeM+....+Cre™y
distinct

2. my,M2,Mz,....M, (i.e., two roots are real (C1+Cox)eM " +CaeM*+CreMs*+.....+ Che™y*
and equal and rest are real and different).

3. m1,M2,m3 M4 ,...mn (i.e., three roots are (C1+Cox+C3x?)e™*+CseMy+.....+ CneMy¥
real and equal and rest are real and
different)

4. Two roots of A.E are complex say o +if3 e*(CicosPx+CasinPx)+CaeM*+....+Cre™*
and the remaining roots are real and
different.

5. A pair of conjugate complex roots o %if e**[(C1+C2x+Csx?)cosPx+(Ca+Csx+Cex?)sinPx]
are repeated thrice and the remaining roots | +C7e™7*+Cge™y*+....+Cne™*
are real and different.

4
1. Solve dt‘?/ +4y=0.
Sol: Writing the operator form (D*+4)x=0

AEism*+4=0=(m" +4m* +4)-4m* =0

= (Mm?*+2)*-(2m)* =0

= (M? +2+2m)(m* +2—2m) [..a*> —b® = (a+Db)(a—Db)]
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_—2%4-4 2+4-4
2 2
=>m=-1+i 1+i

= m

y =e'[c, cost +c, sint]+e'[c, cost +c, sin t]

2. Solve [D? —(a+b)D+ab]y =0 a and b being real and unique.

Sol: AEis m*—(a+b)m+ab=0
m(m—-a)—b(m-a)=0
(m-a)(m-b)=0=m=a,b
y=ce® +c,e™

2

d-y

3. Solve —-—a’y=0,a#0
dx
Sol: Given equation in the operator form is
(D?-a%)y=0 (1)

Let f(D) = D?- a2.

Auxiliary equation (A.E) is f(m)=0

=m?-a’=0.- m=z*a.

The roots are real and different.

.. The general solution of (1) is y=C1e™+C, e®
Where Cy, C; are arbitrary constants.

3 2
4.Solve d—i’ -9 i 2/ + 23ﬂ -15y=0
dx dx dx
Sol:  Given equation in the operator form is
(D®-9D° +23D-15)y =0 (1)

Let f(D) = D3-9D?+23D-15
Auxiliary equation is f(m)=0

=m3-9m?+23m-15=0 ..(2)
= (m-1)(m-3)(m+5)=0

-.m=1,3,-5

The roots are 1, 3, -5.

The roots are real and different and hence the general solution is

y =ce™ +c,e™ +c.e™ =ce* +c,e® +c,e™, where ¢y, C,Cs are arbitrary constants.
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3 2
5. Solve %—zd X g _,

dt? dt
Sol:  Given equation can be written as (D® —2D? —3D)x =0 ..(1)

Where D = %.Let f(D)=D®-2D*-3D

Auxiliary equation is m® —2m?* -3m=0 ..(2)
=mm?-2m-3)=0=>m(m-3)(m+1) =0
The roots are m=0,3, and -1.The general solution of (1) is x=c1+c.e3+cse™
6. Solve (D*-2D°-3D?+4D+4)y=0
Sol: Given equation is
(D* -2D° -3D*+4D+4)y =0 . (1)
Let f(D)=D*2D*-3D?*+4D+4
The AE is f(m)=0
i.e., m-2m3-3m?+4m+4=0 .. 2)

= (m+1)(m3-3m?+4)=0

= (m+1)(m+1)(m2-4m+m)=0

= (m+1)?(m-2)?=0
The roots are m=-1,-,2, 2. Hence the general solution of (1) is
y= (C1+C2X)e™+(Ca+Cax)e?,

2
7.Solve d_3/+d_y+ y=0
dx® dx
Sol: Given equation in operator form is (D*>+D+1)y=0 ... (1)

Let f(D)=D?+D+1

. . -1+41-4 -1+i 1. .
A.E. is f(m)=0 i.e.,m?*+m+1=0=>m = 5 = i3 g
The roots are complex and conjugate.

.. The general solution of (1) is y =e“(c, cos X + ¢, sin fX)

[see 3t oeon ]

e, y=ez?|c, Cos—=+¢, sin —

8. Solve (D*+8D?+16)y=0.
Sol: Given equation (D*+8D?+16)y=0. ...(1)
Let f(D)=D?+8D?*+16
The AE is f(m)=0 ... (2
(i.e.,)m*+8m?+16=0 = (m-2i)%(m+2i)>=0
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The roots of (2) are m=2i,2i,-2i,-2i where 2i,-2i, are occurring twice.
.. The general solution of (1) is y= (C1+C2X) €0S 2X+ (C1+CsX)SIin 2X.
Note: If a + \/ﬁ is a real irrational root of f(m) =0, a — \/F is also a root of the equation.
The part of the
complementary function corresponding to these rots can also be put in the form.

e (c, cosh /[ Bx+d, sinh \/Bx).
9. Find the general solution of y"+2y'=0
Sol: Given equation in the symbolic form is (D?+2D)y=0

The A.E. is m®>+2m=0
e, m(m+2)=0 =m=0,-2
.. The general solution is
y=c1e%*+ce2*=c1+Coe-2  where ¢1,C2 are constants.

10. Solve y"+ 6y’ +9y =0, y(0) = -4, y'(0) =14.

Sol: Given equation in the standard form is (D?>+6D+9)y=0
The A.E. is (m+3)>=0
. m=-3,-3. Roots are real and equal.
.. The general solution is y=(c1+cox)e > (1)
Diff.(1) w.r.t.x, we get
y'= (Cl +C, X)(_3e_3x) +e (Cz)
Given y'(0) =14
= 14=-3c1+C ...(2)
And y(0)=-4
=-4=C; (3)
From (2) and (3), we get ciand c; in(1), we get y=(-4+2x)e™* which is the required

solution.

11.Solve y"—y'—2y =0.
Sol: Given D.E. can be written in operator form as (D?-D-2)y = 0
Auxiliary equation is f(m)=0.

=m?-m-2=0 =m?+m-2=0
= (m+1)(m-2)=0
m:21-1
. General solution is y=cie**+c,e™ where ci1and c; are constants.
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EXERCISE

d’y .d% .dy
1. solve gy? 6 dx2 +11&—6y:0
3 2
A7y 59 g _4y_o

2)solve g0 g Cax
d®y

3) solve W—8y=0
d'y d’y _d’y . dy

4) Solve gyt gy -9 dx? _11&_4)/:0
3 2

5) Solve d y+2d y_ ﬂ:o

dx*  dx® dx
ANSWERS
1Y =Ce +ce® +ce™

5 ¥y =(cx+c,)e” +cye
3 ¥ =87 (C, +C, C0s/3x+C, sin Y3x) +¢e”
4 Y=+ x+Cx")e " +c et

5. y=c, +C,e** +ce ™

2.3 INVERSE OPERATION
The operator D! is called inverse of the differential operator D.

Def.1: If X is any function of x then DX or %X is called the integral of X.
We write %X =y to mean D y =X

e.g. %(COSI:‘X) = .|' cos3xdx = 3|n33x Since D(@j = c0s3X

1
Definition: Inverse Operator f (p):
1
f (D) is a function of x which when operated upon by f(D) gives X is
f@}i—xzx
f(D)
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1 1
. (D) — . _ .
> ( ) (D) are inverse operators. Then the P.I can be written as y=  (p) X

1
Formula for p _ 5

1

Operating both sides by (D-a)

(0-a) 5>

. X=(D-a)y

X =(D—a)y:>ﬂ—ay:X
dx

Note:

1
D-a

X = eaXI Xe #dx

1

Similarly 5,5 X =€ " | Xe"dx

Def.: If—
D-p D-«

are two inverse operators , then we define

1 VAR [1 x}
(D-p)D-a)  (D-p)LD-a

When a and P are constants and Q is a function of X.

ie"(D—ﬂ)l(D—a)X 0o ﬂ)[eaije‘“xdx] eﬁsje {“XIXe‘“dx}jx

. Find(i)% (x?) (ii)E(cosx).

[y

Sol: (i)l(xz) :Ixzdx:%

(i) D—(cos X) _—(—cos xj —qcos xdx) D—(sm X)

1(1 . 1 . )
=—| —sin X | = —1\] sin xdx)= —(-cos x) = —| cos xdx = —sin X
D(D j D(I ) D( ) I
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1
+1(X)'

2. Find the particular value of 5

1
D+1

Sol: (x)=e‘xjxexdx=e‘x(xe‘x—ex)=x—1

1
er

3. Find particular value of ———
(D-2)(D-3)

. 1 2X — 1 l: 1 2x:|
Sol: — ez — e
(D-2)(D-3) (D-2)|D-3

1
NOW e2x — e3x e2xe—3xdX — e3x _e—x — _e2x
S5 =¢"] (—e7)

L[Lezx} = L(—ezx) = —ezxj'ezxe’zxdx = —eZXJ'dx = —xe”*

D-2|D-3 D-2
4x
Ex: %(e“x):e—
D +3D+2 30

4x 4x 4x 4x 4x
Since (D? +3D+2) e loe” NSgpge e =e¥
30 30 30 30 30

1 : : :
Ex: — (cos3x)=e2* [ e?*cos3x dx  since (D+2) sin 3x= 3cos 3x+2sin3x
and is not equal to cos3x.

Note: The above method to find particular integral (P.1) is a general method and it will be
useful when X is not the form tan ax, cot ax, sec ax, Cosec ax.

Examples
1 3% —3X
1.So|veD_3X_e J'xe dx
3 e—Sx e—3x —X 1
3 9 3 9
, Find the particular integral of (D? —4D +3)y =e*
TSRS S S
D°-4D+3 2|D-3 D-1

) %{ D1—3 ¢ Dl—lezx} = %[esxjegerde —e[ee o]
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= %[e3XIe—de — eXJ.eXdX]: %[esx (—e™) _exex]: Y

2.4  GENERAL SOLUTION OF f(D)y=Q(x)
We know that if y=y, is a particular solution of f(D)y=Q(x) containing no arbitrary

constant and y=y. is
the general solution of f(D)y=0 then y=y. + yp is the general solution f(D)y=Q(x).
We have previously discussed the methods to find the general solution of f(D)y=0.
If y=y. is the general solution of f(D)y=0 then we know that y. is the C.F. f(D)y=Q(x).

» Particular Integral of f(D)y=Q(x).

Given equation is

D)y=0Q(x. . )
operating 1) by % , we get
%{f (D)l %Q(X) = y- %Q(X)
Clearly (1) is satisfied ,if we take y = %Q(x)
Thus particular integral =P.| :%Q(x)
NoteL. To find the P.1 of f(D)y=Q(x), we find the value of - (1D) Q(X)

Note2. P.I of f(D)y=Q(x) contains no arbitrary constants.

GENERAL METHOD OF FINDING PARTICULAR INTEGRAL:

» P.1off(D) y=Q(x) , when f(lD) is expressed As Partial Fractions.
Let f(D) =(D-a1)(D-a2)....(D-a3)
P.l =
1 1 A A, A,
TN (D—al)(D—aZ)....(D—ag)Q_{D—al "D-a, "' D-a, }Q

(resolving into partial fraction)
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B Alealx.[Qe_aldeJf Azeazije_“xde ot Ane“anQe—ande

1. Solve (D?-5D+6)y = xe*.

Sol: Given equation is (D2-5D+6)y=xe*™ (1)
Let f(D)=D2-5D+6
The AE is f(m)=0.i.e., m?-5m+6=0 ..(2)
The roots of (2) are m=2,3. -"-y.=C.F of (1)=cie®+c.e>*
xe* 1 1
=P.l.of (1)= = - xe™*
Y =57 sp+e (D—S D—2j
_ 1 Xe4x _ Xe4x _ e3xJ‘X84xe—3xdx_e2xj'xe4xe—2xdx
D-3 D-2

=e” [ xe*dx —e” [ xe”dx [Integration by parts]

2x 2x _
— e3x (Xex _eX)_eZX Xe _e_ — e4x (2X 3)
2 4 4

.. The general solution of (1) is
y=Y.+Y, =ce” +c,e™ +%e“x(2x—3)
2. Solve (D%-4D+3)y =e®".
Sol: Given equation is (D?+4D+3)y = e¢”
A.E. is m*+4m+3=-(m+3)(m+1)=0
S.m=-3,-1

.. Roots are real and different.

Hence C.F.is y, =ce™® +c,e”*

. 1 xy 1| 1 1 X
Now P.I. S S—" O Y . S e
OWHLE Y, (D+3)(D+l)( ) 2{D+1 D+3}( )
1] 1 X 1 X 1
=2 =) - —— () |= =[P, - P.I
Y, Z[DH( ) -5 5 )} S [P1. =P ]

1
-a

We know that 5 COE e‘XJ'(eeX)ede [Put e* =t:e*dx = dt]

= e*Xjet dt =e*e' =e*e¥

1
D+3

And P.I, (") = e‘3XI(eeX)e3de = e‘3XJ.e‘t2dt [Put e* =t:e”dx = dt]
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Hence y, = [PI ~P.l,]=e%e ( —2t+2)=e e (e —2e* +2)

1 x —-2x

zaee [e* —e ™ +2e % —2e7%]

.. The general solution is y=yc +Yp
y2018'3X+Cze'X+ eeX (e-2x_e-3X)
2.5 RULES FOR FINDING PARTICULAR INTEGRAL IN
SOME

SPECIAL CASES
» P.Lof f(D) y=¢(x) when ¢(x)=e *, where ‘a’ is constant.
Case I: Let f(D)y=e**. Then
1 1
e =
f(D) f(a )

f(D){f() X} f@ f(D)(e aX)=%e =e¥,

- ﬁ( ™) = @ )eax if £ (a)£0

L —( e¥) = —Xeaxif f(@)=0, f(a) #0 etc
f(D) f(a)
Case II: Let f(a) =0.then (D-a) is a factor of f(D) .If ais a root repeated K times for f(a)=0
then f(D)=(D-a)p (D) where ¢(a)#0. Then we have.

1 1 1 ax 1 e 1, x
g™ = " e™) = o= e, —
f(D) (D-a)* ¢(D) (@) (D-a)* ¢(@) k!

The reason is as follows:
1 ax

e™ = xe
(D-a)

y, = e™if f{a)#0. Since

ax

since (D —a)(xe™) =e*

k k qax
L ew X since  (D-a)f| 25— |=e™
(D—a)* k! k!

ax k

1 ., ev X
(0 = ga) /@ ~0and pfa)#

Hence
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Working Rule
(1) Inf (D), put D = a and P.I. will be a calculated.
Pl =t e = !
f(D) f(a)
(2) If f(a)=0, then above method fails. Now proceed as below.
If f(D)=(D-a)" ¢(D) (i.e., ‘@’ is a repeated root m times), then
o™

¢(2)

Note: In order to find the P.I. if sinh ax or cosh ax express them as %(eax —-e™) and

e® provided f{a)£0

Xm

P.l.= — , p(a)#0
m!

—ax

%(e""x+e ) respectively.

d®y 3d2y

1.Solve —2 — +4y =¥,
dx® dx? y

Sol: Given equation can be written in operator form as (D® —3D? +4)y = e*
A.E is m*+3m?+4=0
(m+1)(m-2)(m-2)=0

m=-1,2,2
y, =C.F:ce ™ +(c, +c,x)e*
y, =Pl = L= 3 : —e” Put D=3
f (D) D°-3D° +4
1 x  e3X

e’ =
3 -3x3? +4 4
Complete solution y = yc + yp

3x
. e
y=ce ™ +(c, +c,x)e” +

2. Solve (D°® +3D* +3D+1)y =e*.
Sol: AE:m®+3m?+3m+1=0
(Mm+1)*=0=>m=-1-1-1
y, =C.F =(c, +C,x+¢,x%)e
1 1

=Pl=—-X= e™ Put D=-1 [-- f(-1)=0
Y f(D) D®+3D*+3D+1 L+ 1C1)=0]

- Put D=-1
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XS
Y=Y +Y, =(C +Cx+C,x*)e”™ +Fe‘X
3. Solve (D* +6D2 +11D—6)y =1+e 2.
Sol: AEis m®>+6m?+11Im-6=0
(m-=1)(m?* =5m+6)=0
=(m-)(m-2)(m-3)=0
y, =C.F =ce* +c,e* +c,e*
Y =Pl=—t x- 1
P f (D) (D-1)(D-2)(D-3)
1 0x 1 —2X
= e + e
(D-1)(D-2)(D-3 (D-1)(D-2)(D-3)
1 0x 1 —2X 1 e—2x
= e + g ==
=D(=2)(-3) (=3)(-4)(-5) 6 60

.. General solution is,

(L+e™?)

—2X

Y=Y, +Y, =Ce* +c,e” +ce¥ -

360
2
4. Solve (i) d—2/+4O|—y+3y =e* (ii)(D*-3D+2)y =e*.
dx dx

Sol: (i) Given equation can be written in operator form as (D*—-3D+2)y =e*

(1)

Let f(D) = D*+4D+3

The AE is f(m)=0 i.e. m*+4m+3=0 . (2)

i.e., (m+3)(m+1)=0...m=-3,-1 the roots are real and distinct.

~C.F.=yc=cie™+ce™*
e2x e 2X e 2X

5 == = [Put D=2]
D°+4D+3 2°+4(2)+3 15

Now y, =P.l.=

.. The general solution of (1) isy = yc + yp
2x
e, y=ce X +ce ¥+ ©
’ . ? 15

, Where ¢1 and ¢, are constants.

(i) Auxiliary Equation is m>-3m+2=0
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ie., (m-1)(m-2)=0 .~ m=1,2.
C.F. =c1e*+ce*
1L
D?-3D+2
1 e 1 5 €

P.I = [Put D=5]

= e
(5)2 —3(5) + 2 25-15+2 12

.. The general solution is

5x
y=C.F.+P.l.=c1e*+Coe¥+ 812

, where c; and c; are constants.

5. Solve (i)(4D*-4D+1)y=100. (ii) (D*-5D+6)y=4+5.
Sol: 1) Auxiliary equation is

Am?-4m+1=0 =(2m-1)’>=0= m=%,%

. C.F. =(C1+C; x)ex?
100 100.e** 100
= = =100
4D’ -4D+1 (2D-1* (0-1)°
Hence the general solution is
y=C.F.+P.1.=(C1+C2x)e?+100.
(i) A.E. is m?>-5m+6=0
i.e., (m-2)(m-3)=0 .. m=2,3
Hence C.F.=C1e%X +Coe*

Now P.I.:Z;Me5x +5)
D°-5D+6

Now P.I =

—_ 1 e +5——— 1 g0
D -5D+6 D -5D+6

=4 ;esx +5 1 e0-><

'25-25+6 0-0+6
_ A2 =i(4e5X +5)
6 6 6
Hence the general solution is

y=C.F.+P.|

:Cle2’<+Cze3X+%(4e5X +5) where c; and ¢ are constants.

6. Solve (D3-5D?+8D-4)y = e*X.
Sol:  Given equation is (D3-5D?+8D-4)y=e> ...(1)
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Let f(D)=D3-5D%+8D-4
The A.E. is f(m) =0

i.e., m®-5m?+8m-4=0 or (m-1)(m2-4m+4)=0
=(m-1)(m-2)?=0 (2)
.. the roots of (2) are m=1,2,2.
Thus C.F =yc=c1 e*+(C2+Csx)e? .
Here f(2)=0. Let ¢(D) =D-1. Then ¢(2) =2-1#0 and m=2.
L1 X X

(2-2)" 2 2
.. The general solution of (1)is y = yc + yp.

A [ Case of failure f(2)=0]

242X
i.e., y=ce*+(c, +cx)e” + , Where Cy1,C2,C3 are constants.
7 Solve (D° —3D+2)y = cosh x
Sol: Given equation is (D? —3D +2)y = cosh x

Let f(D)=D?+3D+2

The A.E is f(m)=0 i.e., m®>-3m+2=0

The roots are m=1 and m=2 which are real and distinct.
C.F.is y, =ce* +c,e”

1 {e*+ex}
Pl.=y, =————coshx =
P (D-2)(D-1) (D-2)(D-1)| 2
_1{ 1 ) 1 }
== e+ e
2| (D-2)(D-1)  (D-2)(D-1)
1 x_ 1

Now e” = xe
(D-2)(D-1 1-2

X

=—Xe
x e e’

Again —— e = =
(D-2)(D-1) (-1-2)(-1-1) 6

Ly, = %{— Xe* + e6x } [from (3),(4) and (5)]

The general solution of(1) is

()

y=Yy . +y,=>y=ce'+ c,e” —%xeX +$e‘X , where C1 and C; are constants.

8. Solve (D+2)(D-1)%y=e2*+2 sinh x.
Sol: The given equation is

(D+2)(D-1)%y=e “#*+2 sinh x ...(1)
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This is of the form f(D)y=e2*+2 sinh x
A.E. is f(m)=0=(m+2)(m-1)?=0 Som=-2,1,1
The roots are real and one root is repeated twice.

~.C.F.is y, =c.e™ +(c, +c,x)e

T (D+2)(D-1)? (D+2)(D-1)’

= ypl + ypz + yp3

e +2silh x e +e*—¢* ) e
s.sinh x =

e—2x

Now Yo, = (5 2) (D —1)?
Hence f(-2)=0.Let p(D)=(D-1)2. Then ¢p(2)#0 and m=1

.o exxe™
Yn =g .
Yo, = e Here f(1)=0
) (D+2)(D—1)2 .
eXXZ XZeX .
- (3)2! - 6 [-- d(D)=D+2;d(1)=3 and m=2]
e—X
And y,

" (D+2)(D-1)?
. e—x e_4
Putting D= -1, we get = =
° 9 Y, (D+2)(D-1)*> 4

- General solutionis y=y. +y, +Y,, +Y,;

: . xe
i.e., y=ce > +(c, +c,x)e* + 5t +

9. Solve (D?+5D+6)y = €
Sol: A.E is m?>+5m+6=0

=(m+3)(m+2)=0

~.m=-3 or m=-2

The roots are real and different.
. C.F =yc=cie¥+ce

X

(§]
Now P. |.= yp :m [PUt D:l]
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X X

e _&
1+5+6 12
General solutionisy = yc + yp

X

Ly=ce ¥ +c,e ¥+ :—2.
10. Solve " —4Y'+3y =4e”,y(0)=-1y'(0) =3
Sol: Writing the given differential equation in operator form,
(D*-4D+3)y=4e>* . (1)

AE is m2-4m+3=0
= (m-3)(m-1)=0=m=3 or 1

~The roots are real and different.

CF. =y, =ce*+ce* .. )
PA=y, =— de  _ Aem 1 4T o g
D°+4D+3 (D-1)(D-3) D-3 D-1
y, = 4;?? = 2xe*
.. The general solution isy = yc + yp
i.e., y=Cc1e>*+coe*+2xe% ..(3)
Differentiating (3) w.r.t ‘x’ , we get
y' =3c,e® +c,e* +2e¥ +6xe* (4
Given y(0)=-1,y'(0) =3
Form (3), -1 = cit+c ...(5)
Form (4), 3=3c1+Co+2=3c1+Co=1 ....(6)

Solving (5) and (6) , we get C1=1, C,=-2
oy=-2e%+(1+2x)e>
This is the required solution.

11. Solve (D?+6D+9)y = 2e%.

Sol: Given equation is (D?+6D+9)y=2e3 ...(1)
Auxiliary equation is m*+6m+9=0
i.e., (m+3)>=0

= m=-3,-3. Roots are real and equal.

Hence C.F. =(c1+cox)e ™
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-3x -3x 2
: 2e _ 2e - 2X_e—3x [ (-3)=0]
D°+6D+9 (D+3) 2!

.. The general solution of (1) is

Now P.l.=

y=C.F.+P.I.=(c, +c,x)e > +x%e™>,
12. Solve ¥ ~Y' =2y =3e7,y(0)=0,y(0) =2
Sol: Writing the given equation in the symbolic form , we have
(D?*+D-2)y=3e* (1)
Auxiliary Equation is m2-m-2=0
ie., (m-2)(m+1)=0
=m=2 or m=-1

Hence C.F.=cie?+¢y%

Now P.1. :;
D’-D-2
3 a3
(D-2)(D+1) (D-2)(2+1)
1
D-2
.. The general solution of(1) is

3eZX

e = xe”[--1(2)=0]

y=C.F.+P.l.=ce” +c,e* + xe* ..(2)
Given y(0) =0 =0=c1+c.
Differentiating (2) w.r.t. ‘x’ , we get
y' =2ce” —c,e* +2xe”* +e*
Given y'(0)=2=-2=2¢,-¢c,+1=2c, —¢, =-3 ...(4)
(3)+(4) gives 3c1=-3 orc1=-1

From (3), Co=-c1=1

Thus the required solution is y = —e* +e™* + xe**.

2

13. Solve the differential eguation 3—2’ + 4.% +5y = -2cosh x. Given
X X
y=(0)=0,y(0) =1.

Sol: The operator form of the given equation is (D?+4D+5)y=-2 coshx.
The A.E. is m®>+4m+5=0

m— —4+416-20 —-4+i2

> = > m=-2xi=azxif(say)
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. 5 .
Hence C.F. is y, =e™*(c, cosx + ¢, sin x)

Now P.I.:yp:—[ € *° j:— ¢ ¢ {'.coshx:e +2e }

D2+4D+5 D2+4D+5 D2+4D+5

X —X X —X

1+4+45 1-4+5 10 2
.. General solution is y = yc + yp

X —X

: . e’ e
ie,y=e2(,cosx+c,sin X)———— .. 1
y ( 1 2 ) 10 5 (1)
Given y(0)=0
1 1 3
=0=¢-——-==¢ ==
10 2 5
Differentiating (1) y' = r** (=, sin X+¢, Cos x) — 26"**(c, COS X + C, Sin X) — :_0 + ez
Giveny (0)=0
1 1 3
=0=¢-——-=-=¢ ==
10 2 5
Differentiating (1), y' = e *(~c, sin X +C, C0s ) — 267" (C, COS X +C, Sin X) - i_o + ez
Given v (0)=1

—=1=c,-2c¢,-1/10+1/20=c, =1+1/10-1/2+2c, =1+1/10-1/2+6/5=9/5.
Particular solution is

_ox[ 3 9 . e
y=e" ZcosX+—sin X |[-———.
5 5 10 2
14. Solve the differential equation (D3-1) y = (€*+1)2.
Sol: Auxiliary Equation is m®-1=0
i.e., (m-1=)(M*+m+1)=0

—X

—=m-1=00rm>+m+1=0 ie.,m=

~1+41-4  -1+iy3
2 2

I ENE
2

S.m

. Complementary function, y, =c,e* +e ™" [cz cos73 X+ C, Sin 73 x]

Particular Integral , y, = ﬁ(eX +1)?
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-_1 (™ +2e* +1)

D°-1
— 1 2X X
_D3—1(e +2e* +1)
= 31 e +2 31 e’ + 31 g%

D°-1 D°-1 D°-1
=L ey 12 S

-1 (D-1)(D°+D+1) 0-1
zlezx+ﬁ—l

7 3

.. The general solutionis y =yc+ yp

= e +ex/2(c2 cos Y3 x4 ¢, sin ﬁx}rlea L2X
2 2 7 3
15. Solve (D® —3D? + 4)y = (L+e7*)°.
Sol: (D®-3D? +4)y=(1+e7)°
AE.is (m*-3m* +4) =0
i.e.,(m+1)(m?-4m+4)=0
or (m+1)(m-2)°=0 .. m=-1,2,2
.. One root is real and other two roots are real and equal.

Hence C.F.is y, =c,e ™ +(c, +c,x)e™ ...(2)
) 1+ +3e ™ +3e*
Now P.l is =
Yo D3®-3D?+4
1 e—3X 3e—2x

+ +
D?-3D2+4 D®-3D’+4 D,-3D>+4

ypl + yp2 + ypS + yp4

1 1
Now y, =————— [PutD=0]==
Vo= pigpria | =
e—3x
=————— [PutD=-3
Yoo =57 _3p g | !
e73x e—Sx
T 27+21+4 4
3e
= [PutD=-2
Vi =i _gp7ag | ]
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I
-8-12+4 -16

And y,, = 33
(D+1)(D? —4D +4)
RCRE Ch
1+4+4 3

[Put D=-1]

- General solutionis y =y, +y, + Y, + Yy + Ypu

. w1 e 3™ xe*
L y=ce” +(c, +cyx)e +Z+ - -

4 16 3
16. Solve (D3+3D?-4)y=sinh 2x+7.

Sol: Given (D3+3D2-4)y=sinh 2x+7
A.E. is m*+3m2-4=0

.. The roots are m=-1,2,2

C.F.is y, =c,e™ +(c, +c,x)e*

er_e—Zx 7
P I ) 2 + eZX e72X 7
IS Y, =73 2, 3 2 3 T E 2 _
D°+3D°-4 2(D°+3D°-4) 2(D°+3D°-4) D°+3D° -4
1 e2X
Yoo =7 > [Put D=2]
2(D+1)(D-2)
x*
_1 7-9 B x2@2¥
2 (3 12
_;e—Zx
= Put D=-2
Yo (D+1)(D—2)2[ .
_1 e—2x _e—2x
2 (-)@e6) 32
7 1
_ — =7. g0 Put D=0
Yoo " Di L 3p2-4 'D'+3D?-4 [ ]
7
4

-- General solutionis y =y +Yy, + VY, +Y,s

2 A2X —2X
. - X°e e 7
Sy =ce” +(C, +C,x)e” + + ——

12 32 4
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EXERCISE

d? y+3dy

1. Solve
dx? dx

+2y=¢"

2
2. Solve d—2’+ﬂ+y:e
dx® dx
2

d y ., dy gy e
dx dx

4. Solve (D*+1)y = (e*+1)2

ANSWERS

l.y=ce ™ +c,e ™ +xe”

ox/2 \/§ X\/_

(c,cos—— 5 +c23|n—e

3..Solve 4

2.y =

-3X
3.y=ce’’+ce? +—e*
1 2 21

J3

4, y=ce™” +ex’2[c2 0037:)’x+c3 sin 7xJ+ée2X +e* +1

sin ax or CoS ax:

1 1
D) f(D*)

1 p=N _ SM&X orovided f(-a?) =0

f(D?) f(-a%)
2.p1= 28 _ €O provided f(-a%) 0
f(D7) f(-a%)
Case of Failure:
COS ax X

To evaluate

3. ()PA= s = sin aiff (-a%) =0

(i) P.1.= f(éz) Cos ax = ¢(_1 )(—sm axj if p(~a?) = 0
4. (i) P.1.= Dsmfzz :;—;cosax,iff (-a%) =0

(i) P.1.= f(lDZ)sinax e 1a )(——cosaxj if p(~a?) = 0

1. Solve (D® + D)y =cosx.

Sol: AEism*+m=0=m(m*+1)=0=>m=0,-i
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y. =C.F =c, +(c, cos x + ¢, Sin x)

1 1 1 1
yp:P_|=—X: 3 COSX=——, COS X
f(D) D°+D DD"+1

1 X X X .
=——cosx=—J'cosxdx=—smx
2D 2D

:ijsin xdx:—icosx
2 2
Complete solutionis y=y_+vy,
. X
y =C, +(C, COS X+ C,Sin x)—Ecosx
2. Solve(D* +4)y =cosx_
Sol: AE: m*+4=0=>m’=4i* => m=+2i

Y. =C, COS2X +C, Sin 2X

1 1
f(D) D%+4
3. Solve (D —-1)(D? +2)?y =sin 2xsin X.

1
Yo cosx=§cosx LY =Y+ Y,

Sol: AEis (m=1)(m*+1)*=0

m=1,i,i,-i,-i
y. =c.f =c,e* +(c,x+c;)cosx + (c,x + c5)sin X
y, =Pl = L X = >———5 Sin 2xsin X
f (D) (D-1)(D* +1)
1 (cosx—cosSxJ_l 1 cosx 1 cos3x (1)
(D-1)(D? +1)° 2 2 (D-1)(D? +1)? 2 (D-1)(D? +1)°
Consider , 1 ——— COSX = 21 - (D2+1) cosx Put D=7
(D-1)(D* +1) 2(D*+1)° (D° -1)
:%(Dﬂ) L COS X 21 5 (D+1)icosx
2(D* +1) -n-1 2(D* +1) (-2)
1 1 .
= ——————(-sin X+ Cos x)
4 (D" +1)
1 .
=4+— > Sin X——ﬁcosx
4 (D" +)) 4(D°+1

1x*, . 1 x?
=== (=sin X) —==—(—cos X
4 2 ( ) 4 2 ( )
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2 2
:X—sin x+X—cosx .(2)
8 8

) 1 1 1
Consider — 5 > C0S3X = > C0S 3X
2(D-1)(D°+)) 2(D-1(-a+1)

= Mcoﬁx Mcos3x

=—————C0S3X = =
128(D -1) 128(D? -1) 128(-9-1)
=L(D +1)cos3x:i(—3sin 3X + cos 3x) ...(3)
1280 1280
2 2

From (1),(2) &@3) y, = sin X + X—cos X+ ﬁ (cos 3x —sin 3x)

Complete solutionis, y =y, +y,

2
y =c,e” +(C,X+C,)CoS X+ (C,X+Cg5)sin x+%[cosx—sin X) +%(cos3x—sin 3X)

4.(i) Solve (D?+3D+2) y = sin 3x (ii) (D*-4D+3) y = cos 2x.
Sol: (i) Auxiliary Equation (A.E) is m*+3m+2=0 i.e., (m+1)(m+2)=0

=m+1=0 or m+2=0
..m=-1,-2. The roots are real and different.

Thus complementary Function (C.F) is y =c,e™ +c,e ™

) ‘ 1 .
Now particular integral (P.l.)=——————sin 3x
P gral (P-1.) D?+3D+2

= 3K pyip? =32 = ]
-9+3D+2

_ sin 3x _ (3D +27)S|n 3X[putD2 _ 3% —_g]
3ab-7 9D“ - 49

_(8D+7)sin3x _ -1 [Bi(sin 3x) + 7sin 3X}
9(-9)-49  130| dx

:_i[9c053x + 7sin 3x]
130

Hence the general solution is

y=C.F.+P.l.=ce™+c,e™ —i0(9c033x + 7sin 3x) where Cy and Coare constant.

(i)A.E.is m®-4m+3=0 i.e., (m-1)(m-3)=0 =m=1,3. The roots are real and different.

. C.F.=C1e*+Coe%*
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P = COS2X _ COS2X

D?-4D+3 -22-4D+3
_ Cos2x  (4D-1)cos2x
" _(4D+1)  16D*-1

_ (1-4D)cos2x _ i(1_4D) COS2X = _—1{cos 2x—4i(cos 2X)
16(-4)-1 65 65 dx

[Put D?=-22=-4]

1 . 1
=——[cos2x —4(-2sin 2x)] = ——(cos 2x + 8sin 2x
65[ ( )] 65( )

Hence the general solution is

1 .
y=C.F.+P.l.=ce” +c,e* —E(cos 2x +8sin 2x) Where ¢y, C2 are constants.

5. Solve (D?-4)y=2cos 2.

Sol: Given equation is (D?-4)y=2 cos 2x
Let f(D)=D?-4.A.E. is f(m)=0 i.e., m>-4=0
The roots are m=2,-2.The roots are real and different.
C.F.=yc = c;e?* + c,e™?*

PL=y, =ﬁ(2cos2 X) = o7 _4(1+c052x)
= D§Oi4 T ;ozsf); —PI,+PI,

Pl.=y, :%[putD -0]= e_o'; :_%

Pl, =y, = ;OZSEZ = ‘30_582"[putD2 =22 =-4]

-~ General solution of (1)is y =y, +y,, +V,,

. o 1 cos2x
i.e., y=ce* +c,e ™ e where C1 and C; are constants.

6. Solve (D?+4)y=e*+ sin 2X+C0S2X.
Sol: Given equation is (D?+4)y=e*+sin2x+cos 2X.
Let f(D)=D?*+4
A F. is f(m)=0(i.e.)m?>+4=0
The roots are m=2i,-2i. The roots are complex and conjugate.
- C.F.=y, =c, Cc0s2x+C, Sin 2X.

PL=y, =ﬁ(eX +sin 2X + €0S 2X)
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1 « Sin2x  cos2x
2 e+ T3 =
D°+4 D°+4 D +4

PI, + Pl, +PI,

1
P.li= e*(putD=1) .. P.l, = =¢*
=7, (PUD=1) P =
P.l>= sin 2X).
7O )
Pl _ —cox2x ) , _ sinax _ —x
Hor =7 [ Case of failure f(-a")=0], using DZ 1 a2 ——Ecosax
Similarly ,p.ls= S032X _ Xsin 2X

D2+4 4
General solutionis y =y, +y, + Y., + Y.,

. . 1 X X .
i.e., Y =C,C0$2X+C,Sin 2X+ =" — =+ c0S2X + —sin 2X
' ? 5 4 4

7.Solve (D? + 4D +3)y = sin 3xcos 2x.

Sol: Given equation is (D? +4D + 3)y = sin 3xC0s 2X. (1)
Let f(D)=D?—-4D+3. A.Eis f(m) =0 i.e., m?>-4m+3=0
The roots are m=1,3. The roots are real and different.
C.F.is y, +ce* +c,e*
_sin3xcos2x 1 (sin 5x +sin Xx)
" D2-4D+3 2 D’-4D+3
sin 5x 1 sin X
D’-4D+3 2 D’-4D+3
1 sin 5x
~2'D?-4D+3
1 sin5x 1 sin5x 1 (2D -11)sin 5x
T 2°-25-4D+3 2 -4D-22 4 (2D+11)(2D-11)
_—1 (2D —11sin 5x
4 4D?-121
-1 (2D -11)sin 5x
© 47 -100-121 8

PI=

[~ 2sin A cos B =Sin (A+B)+sin(A-B)]

=%. =PI, +PI,

PI, (putD? = 5% = —-25)

(putD? = —5% = —25)

1 (10cos5x —11isn5x)
84

1 sin X 2
Pl,==.———(putD” =-1
2= 3 b7 _ap+3" )
1 sinx 1 sinx 1 (1+2D)sinx

2'-1-4D+3 22-4D 4 (1-2D)(1+2D)

=E.—(1+2D)S;n X(PutD2 =-1) _ 1 (d+2D)sin x :i(sin X+ 2C0S X)
4 1-4D 4 1+4 20
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- General solutionis y=y_+vy,, +y,,

] 1 . 1 .
ie., y=ce*+c,e®¥ +—(10cos5x —11isn5x) + — (sin X + 2€0S X
y=c¢, 2 884( ) 20( )

8.Solve the differential equation (D>-2D+2)y = cos9x.

Sol: A.E is m&2m+2=0
2+J4-8 2++-4 ]

The roots are conjugate complex numbers.
C.F. is yc=e*(c1C0S X+C2Sinx)

cos9x )
Now =P.l.= utD® =-81
Yo D2—2D+2(p )
COS9x — Cc0s9x

T _81+2-2D -2D+79
_ —(2D-79)cos9x _ 18sin 9x + 79cos 9x

> . (PutD® = -81)
4D° —-6241 4D° - 6241
_ 18sin 9x+79cos9x _ 18sin( 9x) + 79cos(9x)
4(-81) — 6241 — 6565

.. The general solution is y=yc+yp

18sin 9x + 79cos9x
— 6565
9.Solve the differential equation (D3+4D)y=5+sin2x.

i.e., y=e*(c,cosx+c,sin x) +

Sol: A.E: m*+4m=0=m(m?+4)=0
..m=0,m=z= 2ij are the roots.

One root is real, other two roots are complex conjugate numbers.
Hence C.F.=y, + ¢, +C, cos(2X) + c, sin( 2x)

5 5 5 1
Pli=y . = = e = = e0x ut D=0
"Yn T D 4D D(D?+4) D[D2+4 } (P )
5
4
sin 2x —C0S 2X
Pl,= yp2 =

D(D?+4) 2(D?+4)

-11 .
=—.=Xsin( 2x
2 4 (2%)

1 .
= —=Xxsin( 2x
3 (2x)
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-. The general Solutionis y =y +y_  +Vy,,
; . ox 1 .
I.e., y =¢, +C, C0S(2X) + C, sin( 2x) + 7 8 xsin( 2x)

10 .Solve the differential equation (D? +5D +4)y =2 sin ax.
Sol: The given equation is (D* +5D +4)y =2 sin ax.
A.E. is my+5m+4=0
i.e.,(m+4)(m+1)=0
= m=-4,-1. The roots are real and different.
Hence C.F.is y, =c,e™ +c,e”™
2sin ax 2 2
NowP.l =Pl.=y, =———(PutD® =-a
Yo = D7 5D +4 ( )
_ 2sin ax
5D+ (4-a?)
_ 2[5D - (4—a?)]sin(a.x)
25D% - (4-a%)?
_ 2[5acos(ax) — (4 —a?)sin( ax)]
—25a* - (16-a* —-8a’

(putD? = -a?)

_ 2[5acosax — (4 —a?)sin(ax)
~17a° -16-a*
14, Solve (D” +2D +10)y = —37sin 3x_

Sol: AEism®+2m+10=0
m=-1+3i.
y. :C.F =e"(c, cos3x + ¢, sin 3x)
1 1 . o w2
1= X=—= (37sin 3x) Put D*=-3
f (D) D°+2D+10
172D Goax =37 122D o ay

1-4D’ 1-4(-3%)

= —(sin 3x —6.c0s3x)

y, =P

=37

Complete solution y =y, +y, =& *(c, Cos3x+C, sin 3x) — (sin 3x — 6cos3x)
15, Solve V" +4Y'+20y = 23sin t —15cost, y(0) = 0, y'(0) = 1.

Sol: Given equation in operator form is (D? +4D + 20)y =23 sin t-15 cos t

2
Where D stands for 4 and D? stands for d—z )
dt dt
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Auxiliary Equation is m?+4m+20=0. Here a=1,b=4,c=20

_ —bt+b*-4ac -4+16-80 -4+i8

m= = =-2+i4
2a 2 2
Hence C.F is y, =e ' (c, cos4t +c, sin 4t)
1 .
NowP.l.=y =————(23sint—-15cost
Yo = D7 4D+ 20 ( )
= ! _ (Replacing D? with -1)
—1+4D +20(23sin t —15cost)
- (23sin t ~15c0st) = -2 19 53 6jn ¢ 15 cost)
4D +19 16D° - 361
:L_lg(ZSSin t —15cost)
16(—1) — 361

:_—1(4D —19)(23sin t —15cost)
377
:%{92 cost +60sin t — 437sin t + 285c0st]

_ -1 (377 cost —377sin t) = sin t — cost.
377

=~ General solution of(1) is

y=C.F.+P.l.=yc+yp

=e2(C1C0SAt+Cosin 4t)+sin t-cos t ..(2)
Given that y(0)=0

=0=C:-1 = c1=1.

Differentiating (2) with respect to ‘t’ , we get

y'(t) = —2e ' (c,Cps4t + ¢, sin 4t) +e ' (—4c,,sin 4t + 4c, cos 4t) + cost +sin t.
Also given that y'(0) =-1

=-1=-2(c, +0)+(0+4c,)+1+0

=-1=-2c, +4c, +1=-2+4c, +1(. ¢, =1)

=cC, =0

Hence the required solution is y = ¢ cos4t +sin t — cost

[Substituting the values of C1 and C; in (2)]

(D? +4)y =sin t+%sin 3t +%siﬂ 5t,y(0)=1,y'(0) = 3

16. Solve 35

Sol:Given equation is (D? +4)y =sin t+%sin 3t+%sin 5t

64



Auxiliary Equation is m?+4=0 = m=xi2
=~ C.F.=c1 cos 2t+czsin 2t

P.l.= 21 (sint+lsin3t+lsin 5tj
D°+4 3 5

5 sint+1. 5 i —
D +4 3 D°+4 5 D°+4

1 . 1 :
= sint+—. .
-1+4 3 -9+4 5 -25+4

= 1sin t —isin 3t —isin 5t
3 15 105
=~ General solution of the given equation is
y=C.F.+P.I.
. : 1. 1 . 1 .
lLe., y=ccos2t+c,sin2t+—sint-——sin3t—-——sin5t ...
3 15 105
Given that y(0)=1
1 1 1
=1=c¢,+0+-(0)-—(0)———(0
| 3O 1c©=75:0
=c=1
Differentiating (1) w.r.t ‘t’ , we get

y'(t) = —2c, sin 2t + 2c, cos 2t + %cost - %cos3t - 2i1c055t

. 3
Also given that y'(0) = —
g y'(0) 35

11 1
= —=0+2¢c,+-————
3 5 21
:>2C2:i_1+1+i=i(9—35+21+5)=0
35 3 5 21 105
= 2=0.

Substituting the values of c¢; and ¢z in (1), we get
y = cos 2t +lsin t —isin 3t —isin 5t
3 15

Which is the required solution.
17. Solve the differential equation: (D® +1)y = cos(2x —1).
Sol: Given differential equation is

(D® +1)y = cos(2x —1)

Auxiliary Equation is m®+1=0

= (m+1)(m2-m+1)=0 [~ a*+b3= (a + b)(a-ab-b?)]
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1+iy/3

=>m=-1, .
Hence C.F.=ce™ +e*'?| c, cos—“?’x+c3 sin YX
2 2
Now P.I. = ———cos(2x -1)
D°+1

Putting D? = —4, we have

1 1+4D
P.l.= cos(2x—-1) = —— —[cos(2x -1
1-4D ( ) 1 DZ[ ( )

-16

Again putting D?=-4,
P.l, =é[cos(2x —1) —8sin(2x —-1)]

~ General solution is
y=C.F+P.I

=ce ™ +e'?c, cos@ +¢, sin @} + i[cos(2x —1) —8sin( 2x —1)].
2 2 65
18. Solve (D* —2D° +2D* —2D +1)y =cosx
Sol: The auxiliary equation is m*-2m3+2m2-2m+1=0
i.e., (m*+2m?+1)-(2m3+2m)=0
i.e., (M?+1)-2m(m?+1)=0 or (M?+1)(m>2m+1)=0 or (M?+1)(m-1)?> =0
=>m?+1=0 or (m-1)>=0
~m=+i,1,1.
=~ The complementary function is
Y. =C, COSX +C, Sin X+ (C; +C,x)e”

Pl.=— 5 ! S COSX = — 12 cosx [Put D?=-12=-1]
D*-2D°+2D?-2D+1 (D% +1)(D? - 2D +1)
B COS X -1 Icosxdx—_—l sin x
(—2D)(D? +1) 2(D?+1) 2 D?+1

_ —_1 — XCOS X e F( N2
“(2)( : ][.f(1)20]

1
= XCOS X
4

Hence the general solution is

y=C.F.+P.1.=(Cicosx +Casin X)+ (C3+C4x)ex+% X COS X.
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19.Solve the differential equation (D® —1)y =e* +sin® x + 2.
Sol: Given D.E. is (D3-1)y=e*+sin® x+2 ...(1)
A.E. is m*-1=0 = (m-1)(m?+m+1)=0
~1+i/3
2
Thus one roots is real and other two roots are complex and conjugate.

B

_ 3 ]
CF=y =ce*+e™? ¢, coS— X +C, Sin — X
c 1 2 2 3 2

m=1

(2)

e sin 3 x 2
3 + 3 + 3
D°-1 D°-1 D°-1

L f@=0]

Now P.1 = (e* +sin®x+2) =

D3 -1 :yp1+yp2+yp3

B e _X e
(D-1)(D*+D+1) 1 D?’+D+1

X X

=X _© [pup=1="¢
T1+1+1 3
_sin®x
NG
3 sinx 1 sin3x
_Z'De’—l_Z'D?’—l{
3 sinx 1 sin3x
" 4-D-1 4 -9D-1
=—_3 (D—-Dsin x +1 (9D —-1)sin 3x
4 (D+1)(D-1) 4(9D-1)(9D+1)
_ —3cosx—sin x 1 27cos3x—sin 3x

= + [PutD? = -1landD? = -9]
4 -2 4 —729-1

ypl

E)

wsin® A= %(Ssin A—sin 3A)}

[PutD? = —1landD? = —9]

3 . 1 .
= —(cos X —SIn X) ——— (27 c0s3X —SIn 3x ...(4
8( ) 1920( ) (4)

and y,, = ﬁ[PutD =0=-2 ..

Hence the general solutionis y =y,  +Y, +Y,, +Y,s

-X —x/2 \/3_X . \/3_X xe*
y=ce  +e CZCOST+CgslnT + 3

+§(cosx—sin X) —L(27cos3x—sin 3x) -2
8 2920
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EXERCISE
1. Solve (D® +1)y =cos2x
2. Solve (D® +1)y =sin( 2x +1)
3. Solve (D? + D+1)y =sin 2x_

4. Solve (D?-5D+6) y = sin 3x
ANSWERS

. V3 V3x

l.y=ce ™ +e2(c, COS =X+, sin —

. V3 V3

2. y=ce "+ e? (c, COS? X+ C58in - x)é[sin( 2X+1) +8cos(2x +1)

X[ x+/3 sin x+/3
C, COS > +C,

1 .
+—(c0s2Xx —8sin 2x
) 65( )

= 1 .
3.y=e? ——(2c0S2X + 3sin 2x
y 5 } 13 )

4. y=ce” +c,e> +%(5c033x—sin 3x)

P.1. of fAD)y=¢p(x) when Ph(x) = X, where K is a Positive Integer.

1 1
Let f(D)y =x¥. Operating by ——— , we get y=—— x*
(D)y p gyf(D) g rf(D)

Pl = L XX
f(D)

TO evaluate P.I. reduce

1 .
to the form n by taking out the lowest degree term

from f(D).Now

Write f(lD) as [1xd(D)]?* and expand it in ascending powers of D using Binomial
theorem upto the term containing DX. Then operate x* with the terms of the expansion of
[1xb(D)]*

If f(D) is resolvable into factors then split up : 1D into partial factors and proceed.

We frequently use the following rules.

. i:(1—D)‘1:1+D+D2+D3+ .....
1-D

. L:(1+D)‘1:1—D+D2—D3+ .....
1+D
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. ﬁ: (1-D)? =1+2D +3D? +4D% +.....
1
(1+ D)?
1
(1-D)’
1

. oy =(1+D)*=1-3D+6D?*-10D% +....
+

=(1+D)2=1-2D+3D?-4D% +.....

=(1-D)?*=1+3D+6D?+10D° +....

1. Solve (D? +5D +4)y =x*-3x+2

Sol: AEis m*>+5m+4=0
(Mm+)(m+4)=0=>m=-1-4
y,=C.F=ce ™ +c,e™

1 1

—Pl=—" X=— = (x*-3x+2
Y f (D) D2+5D+4( )
2 -1
- ! (2 —3x+2) = 2[1+ 2P+ D7 | (2 gy 10
5D+ D? 4 4
41+ =

2 22
1 1_5D+D N 5D+ D (X2—3X+2)
4 4 4

5D D? 25
+
4 4 16D?

5151@]

j(x2 —3x+2) ( Neglecting 3" and higher terms.)

X2 —3X+2——X+—— =+
4 2 8

, 1ix 67
X —==4+—=
2 8

y=ce*+c,e™ +1 x? —£+ﬂ
4 2 8

2. Solve D*(D? +4) +y =320(x> + 2x°).

Nk, NP NP

) Y=Yty

Sol: AE m*(m*+4)=0
m=0,0,2i,-2i
y. =C.F :c, +¢,X+¢C,C0S2X +C, Sin 2X
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1 1
—Pl= - 320(x* + 2x?
Y o) "D (dr1a) 2% )
1 D2\’
=—|1+——| 320(x®+2x*)
4D 4
2 4 6
- 1 bR B D k2o +2x)
4D 4 16 64
2
_320 LZ—E+D— ....... (x*+2x?)
4\D? 4 16
5
—8d X o)+ L ex+a)
20 4 16

=4x°> —20x® —40x% +30x + 20

Complete solution =Y = Ye ¥

Y =C, +C,X +C, COS 2X + C, Sin 2X + 4x° —20x° — 40%° + 30X + 20

3. Solve (i) (D* + D+1)y=x3(ii) (D°+2D* + D)y = x°.

Sol:

P.1.

(i) Given equation is (D? + D+1)y = x°
Auxiliary Equation is m>+m+1=0

I e e E N
2 2

The roots are _71 + g =atif (say)

~ Roots are complex and conjugate
-1

Hence C.F. =y, =e”(c, cos SX +c, sin fX) = e?

Now

X3
D?+D+1
=[1-(D? +D)+(D? + D)* - (D* + D)® +

[-A+D)'=-1-D+D*-D*+..]
=(1-D+D?*)x3(neglecting the terms D* D°®,
=x3-D(x®)+D3(x%)=x3-3x?+6

=~ The general solution is given by y=y¢ +y,

=Y, = =[1+(D* + D) " (x)°
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V3

J3 .
C, COS—— X+ C, Sin — X
2 2

...... 16¢)

[ D4(X3):D5(X3):



—X

e, y=e?|c cos—3x+c sin éx +x°-3x°+6
T2 T2

(i) Given D.E. is (D3*+2D?+D)y=x?
A.E. is m*+2m?+m=0
=m (M?+2m+1)=0 = m(m+1)?=0.
~ m=0,-1,-1 are the roots
Hence C.F. =y =c, +e *(c, +C;X)

3

NowP.l.=y_ = Xs X I Ix3dx
* D*+2D+D D(D+1)* (D+1?
4
- X _lyipyexe
41+D)’ 4

=—(1-2D+ - + — )X
‘111 2D +3D* -4D® +5D* ‘

4

=%(X4 —8X3 +36X2 —96X+120) :XI_ZXS +9x2 —24x+30

General solution is y=y¢ + yp
4
yzcl+€“@z+QJ)+%f—2Xy+%8—24X+3O

4, Solve(D®+3D? +4D—2)y =e* +COSX+X.

Sol: Auxiliary equation is m®-3m?+4m-2=0 i.e., (m-1) (m?>-2m+2)=0
=m-1=0 or m?-2m+2 = 0.
~m=1, 1+i
Complementary function c,e” +e*(c, cos x + ¢, sin x) =e*(c, + C, COS X + C, Sin X)
1
*-3D*+4D-2
1 ) 1 1
e* + COS X + X
D®-3D°+4D-2 D®-3D*+4D-2 D®-3D*+4D-2
1 ) 1 1
= . e" + .COS X — 5 > X
(D-1)(D?*-2D+2) ~-D+3+4D-2 4# D®-3D +4DJ
2

1 .1 1( D3—3D2+4D]1
1- X

(e* +cosx+ Xx)

Particular Integral (P.1)= 5

= e’ + COSX——
(D-1D)(1-2+2) 3D+1 2 2

1 . 1 1 . 1
=xe* ——(-3sin x—cosx) —=(x+2) = xe* + —(3sin x+cosx) —=(x+2
10( ) 2( ) 10( ) 2( )
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=~ The general solution is y=C.F.+P.l.

e*(c, +¢, CoSX + C, Sin X) + xe* +%(3sin x+cosx)—%(x+2)

Where C;, C, and Cs are constants.

5. Solve the differential equation (D3-3D-2)y = x2.

Sol: The auxiliary equation is m®-3m-2=0 i.e., (m~+1)(m?-m-2)=0
i.e., (m+1)(m+1)(m-2)=0 or (m+1)?>(m-2)=0
s.m=-1-12. Hence C.F.=y, = (c, +c,x)e* +c,e*

P.I.:mxsz— ]; X3
-3D- 2(1_D —3DJ
2
__1{, D*-3D)
2 2

1|. D°+3D (D*+3D) (D*+3D) ,
2|1+ 4 + ot |X
2 2 2 2

_ 1 14 D*+3D 9D2 ZDS 3
2 2 4 8
1 1 3

=—=| x®+=(6) +=(3x?) + —(bx +— 6
2[ 5 6)+56x) ( ) ()}
1[ 9 , 27 93}

= XT+— X"+ —X+—
2 2 2 4

= —%[4x3 +18x” +54x + 93]
Hence the general solution is
y=C.F.+P.I =(c, +c,x)e”* +c,e** —%[4x3 +18x* +54x + 93]

EXERCISE
1) Solve D® —3D?% +3D —1)y =sin x + x°.
2) Solve (D? +3D +2)y = 2c0s(2x + 3) + 2e* + x*
3) Solve y"+2y"—y' -2y =1-4x°
4) Solve (D* -3D+2)y =X
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ANSWERS

ly=e*(c +czx+c3x2)+%(sin X —C0S X) — (X + 9x® + 36X + 69)

1 ) 1 1 7
2.y=ce *+c,e® —Jcos(2x +3)—3sin(2x+3)]+=e* + =| x> =3x + —
y=ce o, Eloos(2x+9) IS 2+ 3]+ S+ 3 X x4 L

3.y=ce* +ce* +ce™ +2x° —3x* +15x -8

4.y =(c, +c,x)e* +c,e™ +%[x+ﬂ

P.1 of fAiD)y=¢p(x) when ¢ (x)=e**V where ‘a’ Is a Constant And V Is a Function of X.

We will use the method to find P.I. When V is sin bx or x* or a polynomial of degree k.

ax _ pax 1
f(D)(e V)_e f(D+a)(V)

Working Rule: To find P.I. for e V , take out e ® to the left of f(D) and replace

In this case , P.I1=

. 1
every D with (D+a) so that f(D) becomes f(D-a) and now operate ———— with ‘V’

f(D+a)
alone by the previous methods.
1. Solve (D®—7D—6)y = cosh xCos X

Sol: AEm*-7D-6=0
(M+)(M*-m-6)=0=>m=-1,-2,3

— —X —2X 3X
CF=ce " +c,e ™" +c,e

P.I:%cosh X COS X
D°-7D-6
1 e¥+e”
=— COS X
D°-7D-6 2
1 1 y 1 1 x
== —5———€"COSX+-.—————€ COSX
2 D°-7D-6 2 D°P-7D-6
1 ‘ < 1
Nows—e COSX =¢ 3 COS X
D°-7D-6 (D+1)°-7(D+1)-6
. 1
=e* — - COS X
D°-3D° -4D-12
=e* ! cosx Replace Dby -1?
-D-3-4D-12
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1 1, D-3

=_—1eX COSX =—¢ COS X

5 D+3 5 D?*-9
=1eX ! (D—3)cosx:e—(—sin X —3C0s X)

5 (-1-9 50
In the same way B;e‘X COSX = © (3cosx —5sin x) complete solved on

D°-7D-6 34
e’ . 1 i

=ce*+ce ¥ +ce - sin X +3cos X) + —e ¥ (3xcos x — 5sin X

y=¢ 2 3 100( ) 68 ( )

2. Solve (D? —4D +4)y = xe**.

Sol: To find C.F,
The A.E is m? —4m + 4 = 0and the roots are 2,2
To find P.I:
1 2
Pl=———M (e —x
D2—4D+4( )

1 2X 2x 1
= e X=e" —— X
(D-2) (D+2-2)

% X
Hence the general solution is y = (c, +¢,X)e** +

EXERCISE

1. (D? +2D +4)y =e* sin 2x
2.(D*—3D%+3D 1)y = (x +1)e*
3.(D® -2D +4)y =e*sin x
4.y"-2y"'+2y=1+xe”

d?y .
5. —4y = xsinh x
dx? Y
ANSWERS

X

1.y = [c, cos(x~/3) + ¢, sin( x+/3)]e ™ — (8cos 2x — 3sin 2x) %

eX
2.y= (c1 +czx+c3x2)eX +—(x+1)*
24
—2X H X H Xex
3.y =c,e +(c, cosx+c,sin x)e* + (sin X +3cos x)

74



. 1
4.y =e*(c, cosx +c, sin x)+§+xeX

5.y =c,e” +c,e —gsinh X —gcosh X

When X = x"vwhere m is a positive integer ,V is any function of x.
Working rules to find P.I of f(D) y = x™ sin axorx™ cos ax

iax

e

m

mPrPI = L x" sin ax =imaginary part of le X

f(D)

(i) P.1 = 1 yncosax =real partofixmeiax
f(D) f(D)

R §
Case (VI): P. f(D) {x—ﬁ (D )} f(D)
1. Solve :(D?-5D+6)y = xe*.

Sol: Auxiliary Equation is m2-5m+6=0 i.e., (m-2)(m-3)=0-. m=2,3.
= The complementary function is y, =c,e* +c,e*

xet e 1
D?-5D+6 (D+4)>-5(D+4)+6

S P = {ieaxv = eaX.#v}
f (D) f(D+a)

2 -1
A :e“X.Z;x=e4x.l 1407 +3D
D°+3D+2 2 2

2
1 4X _w X=1e4x X—1(0+3)
2 2 2 2

_Leofx 3o temoxog)
2 2)7 2

Hence the general solution is y=C.F.+P.l. = yc + yp

Particular Integral, y, =

. 1
i.e., y=ce* +c,e” + ZE4X (2x —3) where c¢1 and ¢ are constants.

2. Solve —= d’y -6 dy +13y =8e* sin 2x.
dx? dx

Sol: Given equation in operator form is (D? —6D +13)y = 8e* sin 2x
Let f(D)=D?-6D+13 .. A.E. s f(m)=0
i.e., m>-6m+13=10 = m=3+2i.3-2i.
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The roots are complex and conjugate.
~ C.F.is y, =e¥(c, cos2x +c, sin 2x)

e¥sin2x 4 sin 2x
D? - 6D +13 (D+3)2—6(D+3)+13

8e3x sin 2x _ 893X[_ XCOSZX) |: f(—az) = 0, Sih ax = __XCOS asj|

Pl=y,=8

D?+4 4 D?+a? 2a
=-2X C0S 2X €%
Hence the general solutionis y = yc + yp
i.e., y=e3X(C1 cos 2x +czsin 2x)-2xe ** cos 2x.
3. Solve (D°®-3D? +3D -1y = x*.e*

Sol: Given D.E,is (D®-3D* +3D-1)y = x*.*
AE.is m*-3m*+3m-1=0=(m-1°=0
~ m=1,1,1. The roots are real and equal.
. C.F.=y, =(c, +C,X+Cyx?)e*
x*.e*

Pl=y,= D_1)° [PutD =D +1]

~ General solutionis y = yc + yp

5
: X
i.e., y=(C, +C,X+C,x%)e” +ex.&

4. Solve (D?+1)y = x?cosh x.

Sol: The roots are complex and conjugate numbers
Thus C.F.is y_, =c,cosXx+c,sin X

Now P.I. 21 (x? cosh x) = 21 x2| &£
D°+1 D° +1 2

1, 1
=——— X" +———X
2(D? +1) 2(D? +1)

¥ =P.I,+P.,

e* X X
2

x%e* e
(D+1)%*+1 2 D?*+2D+2

LT D+
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2 2 2

el ogm)e) L

e’ , e ,
=[x =1-2x+2]=—(x*-2x-1
4[ 1 4( )

X 2 -1
=e_,£(1+wj x?)

x%e™* e x2 e X2

27 2(D?+1) 2 (D+1)?+1 2 D?+2D+2

-X 2 -X 2 -1
:e _)i—:e 1+D—2D (XZ)
4°, D'-2D 4 2

—x 2 2 2
_e D -2D N b™-2D) (x?)
4 2 2

» 1 _i 2 _
{ —5(2)+(2x)+2}_4(x +2x-1)

4

e

y (x* +2x—-1)

P.I.:e—(x2 —2x-1)+
4 4

Hence the general solution is
e

_ (x? +2x-1)

y=C.F.+P.l.=¢,cosx+c,sin x+%(x2 —-2x-1)+ 2

5. Solve the equation (D* —2D +2)y =e* tan x.

Sol: A.E is m2-2m+2=0

o _2%4-8 2%i2
2 2
. C.F.=e*(c, cosx+c, sin x)

etanx 1
Pl.=— e 5 tan x
D°-2D+2 |(D+D)°-2(D+1)+2

1+

1 | ) 1
=e". 2 tanx=e". > _ztanx=e ——(tan X
D’ +1 D? —i (D+1)(D-1)

e*{ 1 1 }
=—| ————|tanx
D—-1 D+i
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Now L_tan X = e‘xj‘e*iX tan xdx{‘.
D D-«a

X = eaxj X.e_axdx}

i - sin x
:e'xj(cosx—|3|n X) ——dx
cos

e .1—cos? x
=e™||sin x—i——— |dx
COS X

=e” [— COS X — ij(sec X — COS x)de

ix . T X ..
=e"”| —cosx—ilog tan| —+— |+1isin X
{ [4 ZJ }

- . . T X
=—e"| (cosx—isin x)+ilog tan| — + —
{( )+1lg [4 ZH

= —e‘x{e‘iX +ilog tan(Z + zﬂ
4 2
- ix T X
={1+|e log tan(ZJrEﬂ -(2)

Replacing i by -i in(2) , we get

1 £ A —iX T X
D+itanx:{1—|e log tan(zjtzﬂ ...(3)
By (1),(2) and (3)

e® . : , T X T X
Pl.=—|(—i\(e™ +e™)log tan| — +— | | =—e* cos xlog tan| — + =
2i [( I)(( - ) g (4+2H X9 (4+2)

=~ The required general solution is

y=C.F.+P.I =e*(c,cosx+c, sin x) —e* cos x log tan(zjtij
6. Solve the equation (D? —4D +4)y = e* +cos 2Xx +e* sin 2X.

Sol: Auxiliary equation is
m?-4m+4=0 ie., (M-2)>=0
C.Fis y, =(c, +c,x)e*

~m=2,2. Roots are real and equal

_e¥ +cos2x +e*sin 2x e C0S 2X e sin 2x
Now P.1.= 5 = >+t +—
D2 4D +4 (D-2)2 D?-4D+4 D?-4D+4
X* oy C0S 2X ) 1 .
=— +e’. 5 sin 2x
2 —4-4D+4  (D+1)?-4D+1)+4
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2

_ X o —i(COSZX) +ex.%sin 2X
2 4D D--2D+1
2

_ X g —EJ.COSZXdX+ ex.;sin 2X
2 4 —4-2D+1
x> 5, 1(sn2x) , 1

=—e" —— —e sin 2X
2 4 2 2D+3

2 _ -
:%e2X —%sin % — o* (2D —3)sin 2x

4D% -9
2 -
:X_eZX —lsin Dy — o* (2D - 3)sin 2x
2 8 4(-4)-9

X2

_ X e _Lgnoxs Lo (4c0s 2x — 3sin 2x)
2 8 25

=~ The general solution is

y=C.F.+P.I.

2 X
= (c, +¢,Xx)e** X L 2X + (408 2X — 3sin 2)
2 8 25

7. Solve (D? +4D +3)y =e* cos2x —cos3x —3x°.

Sol: Auxiliary equation is
m?+4m+3=0= (m+1)(m+3)=0
~ m=-1,-3. The roots are real and different.
= C.F. cie™+ce™

_ e*c0s2x—cos3x — 3x°

P.1.

D?+4D+3
e* cos2x C0S 3x 3x?
" D?14D+3 D’+4D+3 D2+4D+3
1 C0S 3xX 3x°

X

=e’. 5 COS2X — -
(D+1)%+4(D+1)+3 —9+4D+3 3(1+(D2+4D)J

) 1 c0s 3x D2+4D) "
=e .2—c052x— -1+ X
D“+6D+8 4D -6 3

X 1 (4D +6) cos 3x D? +4D D?+4D) 64 ;) 4
=e’.—————C0S2X — —-11- + ——D" |Xx
-4+6D+8 16(-9) - 36 3 3 27
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2
X1 cosox_ (AD+6)cos3x j, (D7 +4D 16, By 644
6D+ 4 16(-9) — 36 3 9 9~ 27
et (6D —42(cos 2x) (4D +6)cos3x _[1_£ D, 18p2 40 Dg}xg
36D“ —-16 —180 3
_x (6D =4)cos2x 1 15 6in 3x + 6c0s3X) {1—5(3%) +Bex) —ﬂ(6)}
36(-4)-16 180 3 9 27
¢ (—12sin 2x—4c032x)+i[—63in 3x+3cos3x]—[1—4x2 +@—@}
0 90 3 9
= A(cos2x +3sin 2x) + 1 (3cos3x —65sin 3x) — [1— AX* + 26x_ @}
160 90 3 9
= e—(cos 2X + 3sin 2x) +i(c033x —2sin 3X) —| 1-4x° h
40 30 3 9

=~ The general solution is

y=C.F.+P.1.

=ce*+c,e ™ +e—(cos 2X + 3sin 2x) +i(c033x— 2sin 3x) — | 1—4x° +@ _80

40 30 3 9
Where c1, C, are constants
8. Solve(D*-2D+1)y = x%e* —sin 2x+3.

Sol: Auxiliary equation is m?+2m-+1= 0 =(m-1)?=0 ~m=1,1

The roots are real and equal.
=~ C.F.=(c1t+cax)e*, where c1, C2 being arbitrary constants.

PI Zﬁ(xzesx—sn‘] 2X+3)
-2D +
= Z;XZe‘*X —Z;Sin 2x+2;(3)
D -2D+1 D°-2D+1 D--2D +1
0.x
= ;sze3X —Z;Sin 2x+ze—(3)
(D-1) D°-2D+1 D--2D+1
= 3X%x2——sin2x+
(D+3-1) —-4-2D+1 0-0+1
3x 1 2 H
= > X"+ sin 2X +3
(D+2) 2D +3
=g 1 X2 + 2D -3 sin 2x + 3

' 2 4D? -9
4(1+ [2)]
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3x 2 _
- 1+Ej x+-2P=3 nox+s
472 4(-4)-9
3x
_® [1-D+3D2 .. - L (2D-3)sin 2x+3
4 4 25
3x
N (P —i(40032x—3sin 2X)+3
4 4 25
e¥ 1 :
=3 (2x2—4x+3)—£(40032x—33|n 2x)+3

=~ Required solution by y=C.F.+P.I.
= (c, +C,x)e” +%e3"(2x2 —4x+3) —%(4c032x—3sin 2x)+3
9. Solve (D* +4D+4)y =e *sin 2x.

Sol: Auxiliary equation is m*+4m+4=0 =(m+2)?=0
The roots are real and equal
C.F.=(c, +c,x)e ™

e sin 2x _X 1 .
== =e 5 sin 2x
D°+4D+4 (D-1)°+4D-1)+4
=e " Z;Sin 2X = e‘x.;sin 2X
D°+2D+1 -4+2D+1
X 2D+3 . « 2D+3 .
=e . Sin 2x = ".————sin 2X
(2D-3)(2D +3) 4D° -9
= e‘x.ﬂsin ox =& (4cos 2x + 3sin 2x)
4(-4)-9 5
=~ The general solution is
y=C.F+P.l.=(c, +c,x)e ™ - e25 (4cos2x + 3sin 2x) where ciand ¢, are constants.
10. Solve (D? +9)y = (x* +De*.
Sol: Auxiliary equation is m*+9=0= m?=(3i)?> .. m==i3

The roots are complex and conjugate numbers.

Hence C.F. =c1c0s3x+c2 Sin3x
2 3x 2 43X 3x
Now p.I, = X FheT _ xem e
D°+9 D“+9 D“+9
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3x 1 2 e o¥ 1 2 e

=e°, — X+ =’ — X° +
(D+3)°+9 3°+9 D°+6D+18 18
3x 3x 2 -1 3x
=e¥, ! x2+S& & 1+—D +6D X2+ 2
18(“ D2+6DJ 18 18 18 18
18

| D246D [D2+6Djz ]2 e
+ +... X"+

1—
18 18 18 18

e*[. D?+6D 36D2}X2+e3x

1- +
18 | 18 (18)? 18

3x 3x 3x 3x
- xz—i(2+12X)+ 362(2) &8 {x2—1+gx+g}+e
18 | 18 18) 18 18 9 3 9] 18
eX( , 2 1) e¥ e3x( , 2 10)
= X"+ =X+= |+ = X"+ —=X+—
18 3 9) 18 18 3 9

o . ®(x* 2 10
=~ The general solution is y=C.F.+P.I=c, cos3x +c¢, Sin 3x + 15 —+ =X+ —

Where c;1 and ¢z are constants.
4

11. Solve d 2/— y = cosxcosh x + 2x* +x —1.
X

Sol: Auxiliary equation is m*1=0 = (m?-1)(m?+1)=0
=m2-1=0 or m*+1=0 .. m=1,-1,+i.
Two roots are real and different other two roots are complex, conjugate numbers.
-.C.F.=c,e* +c,e * +c;CosXx+C,sin X

P.l.=—=——(cos xcosh x + 2x* + x —1)
D" -1
1 1 1
= =(e* +e ) cosx + 2x4 + x+1
o' 12" ) D' 1" )

:E[ 41 excosx++eXcosx}—%(Zx‘%x—l)
2D D" -1 1-D
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1

ex.—4cosx+e‘x.;4cosx ~(1-D*)-1(2x* +x-1)
2|7 (D+1)* -1 (D-1)* -1

=1 eX. 1 cosx+e. ! COS X
2| (D*+4D°+6D%+4D+1)—-1 (D* +4D°% +6D? -4D +1)—1

—(1+D*+D® +..)(2x* +x-1)

:E{ex. L cosX+e~. L cosx}
2| (-D*+4D(-D)+6(-D)+4D (-1)? —4(D)(-1) +6(-1) —4D
—[(2x* + x—1) +(48)]

e Leosx+e Lcosx —[2x* + x +47]
2 5 5

X

1 e¥+e™
=—=C0S X
5 [ 2

J—(Zx4 + X +47) =%cosxcosh X—(2x* + X +47)

=~ The general solution is

- . 1
y=C.F+P.l.=ce* +c,e ™ +c,C0sX+C,sin x—gcoscosh X—(2x* + X +47)
Where c1, C2, C3, C4 are constants.

P.1. of f(D)y=¢h(x) when ¢h(x) = X™V,m being a positive integer and V is any function
of x.

Here V is either sin ax or con ax only. It should not be of the form x" or e®
Working Rule for finding P.1. of f(D)y=x™ sin ax or x™ cos ax

. 1 . ) 1 ..
NP.I = X" sin ax = Imaginary Part(1.P. x™(cosax + isin ax
0PI =55 ginary Part(1.P.) =" ( )
|.P.of xMe

f(D)
- 1 m 1 m iax
(i) P.I.:f D)X cosax = R.P(realpart)of ——x"e

Alternative Method for Finding P.1 of f{D)y=¢(x) when ¢(x)=xV(when m=1) where V
is a function of x.

1 1
Let f(D)y=x V where V is a function of x. Operating with ——, we get y =
(D)y p g (D) get y = D)

(xV)

plo_t
S Pl.= f(D)(XV)

Consider D(xV) = xDV +V;D?(xV) = xD*V + 2DV
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Similarly D"(xV) = xD"V +nD"V

. (D"+PD"?+..P)xV=x[D"+PD""+P,D"* +

— f(D)xv=xf(DV + f(DV
Let f(D)V =V, >V =——=v,
f(D)

- f(D)x V,=xV, +f (D)—V

1
f(D) (D)

on both sides, we get

] ] 1
Operating with
p g D

V) =XV - (D)t
(D) f0) " D) 1D
) 1

T oy 1){X_f(D)f( )}HD)

1

1. Solve (D?* -2D+1)y = xe*sin x

Sol: AEis m>-2m+1=0=m=11
y. =C.F =(c, +c,x)e*
1

y,=Pl=—t x-_1_
f(D) (D=

=e* éxsin x = e*[I.Pof %xe‘x]

g*xsin x =e*xsin x =e*

wtP NV +[ND"*+P(N-)D"?* +...+ PV

()
(2)

[From (1) & (2)]

mxsin X

=e*| |.Pofe™ 1_ = X :eX[I.Pofe‘X%x}
(D+1) D°+2iD-1

=e*[1, Pofe™ (-1)] [{1— (D? + 2iD}’1xJ

=e*[I.Pofe™ (—1){1+ D? + 2iD}x] expanding up to terms containing D only

=e*[I.Pofe™ (=1){x + 2iDx}]
=e*[I.Pofe™ (-1){x + 2i}]
=e*[1.Pof (cos x +isin X)(—x — 2i)]
=—e"(2c0s X + Xsin X) Y=Yty
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2
2. Solve(; Z—y:xzcoszx.
X

Sol: Given equation in operating form is, (D* — D)y = x* cos® x
AEism?-1=0=>m=+1
y.=C.F=ce”+c,e”

2
y, =Pl =t x =1 xtcos?x= X UFC052%)
f(D) D —1 2(D _1)
_ NG . X2 cos2x _yo 4y "
2(D2 -1 2(D2 ~1) pl p2

X2 x| —x? X?
=—(@1-D*)'=@1+D?%)| — |= —-X=— —+1
RIS GRS )
2 i2x 2
Y, = X R.Pof2 % _ R pof £ X _
2(1-D) 2 [1-(D+2i)
i2x 2
=-RP of & ML
2 [1-D° -4i° -4Di
i2x [ 2 ]
=R.P of 2 4
2 |5-D"-4Di |
i2x 2
=R.Pof £ X
10 1- D° +4iD
i 5
i2x [ H
=R.Pof & | x? +g+8ﬁ}
10 S
_RP of COS2X +1isin 2X X2 +g+§ix
10 5 5
_ X? C0S 2X _ C0os2X N 8xsin 2x
10 25 50
_ 4xsin 2x X? 0S 2X _ C0s2X
25 10 25
yp = ypl + yp2

2 .
Complete solution is, y =c,e* +c,e”™ _[X7 +1j+%
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3. Solve (D? +3D+2) =sin e*

Sol: AE is m*+3m+2=0=(M+1)(m+2)=0
m=-1-2
y,=C.F=ce™ +c,e™
1 1 . 1 e

yp:P.I:—Xz 5 sin X = sine
f(D) D°+3D+2 (D+1)(D+2)

sin e* — sin e*

" D+1 D+2
= e’xjex sin exdx—e’zxjezxje2X sin e*dx

Put e* =t = e*dx =dt
Pl = étjsin tdt—éZtItsin tdt

=g"'(—cost) —e*[t(—cost) + (1)(sin t)]
=—g'cost —e?'[-e* cose” +sin e*] = —e** sin e
Complete solution y =y, +vy,
y=ce ™ +c,e™ —e*sine
4..Solve (D? —4D +4)y =8x%e**sin 2x.
Sol:  Given equation (D* —4D +4)y =8x*e* sin 2x.
Let f(D)=D?4D-+4.
A.E is f(m)=0 = m?-4m+4=0 =(m-2)?=0 . m=2,2
Hence C.Fis y, = (c, +C,x)e*
Here P.I can be found out using the above case twice which is laborious. We will find P.1.
in another way.

_ 8e¥x?sin 2x _ o X2 sin 2x
D?-4D+4 (D+2)*-4(D+2)+4

P.l.
2 -
LY, = 862{%22)(} imaginary part of 8e2x{§ xzez”}
2

=8e*I.P.ofe®™ ———— | P.l.——e®V = « 1y
(D +2i) f(D) f(D+a)

2 2ix -2
—8e? 1 Pofe™ — X —8e?|.Pof 2 (1+9_) (x?)
4i2(1+D A
2i
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2ix 2 2ix

=8e?*|.P.of € 1—£+3 D (x?) =8e*1.Pof € {XZ _§+_i}
4 2 4
2ix

_8e¥| pof &

{xz + 2iX —g} = 2e*1.P.of (cos 2x +isin 2X)(X2 + 2iX —gj

= Zezx{Zxcos 2X + [xz —%)sin ZX}
The general solutionis y =y, +y,

ie,y=(c, +c,x)e* - 2e2{2xc052x+[x2 —gjsin ZX}

5. Solve (D? —4)y = xsin AX.

Sol: Auxiliary equation is m2-4=0 =m= £2. The roots are real and different
C.F.= cie®+ce Where c; and cqare constants.
P.I.%xsin Ax = P.l.of 21 xe"
D? -4 D? -4
= | .P.ofe™ _;Zx = |.P.ofe'’™ ——— L — X
(D+il)* -4 D? +2iAD — (4 + A%)

2 . -1
=P.I. of e”x(— ! Zjl—D +2|2/1D X
44+ 1 4+ 4

iAx 2 : iAx H
—1pof - & |1, DAL por © 2{x+ 2"12}
4+ A 4+ 4 4+ A 4+ 4

LP.of— 5
4+ 2

(cos Ax +isin Ax)(x+ quj
4+ 4

_Xxsin Ax  24cosAx 1
4+ (4+2°)° (4+2%)

~ The general solution is

~[(4+ 2%)xsin Ax + 24.¢0s AxX)]

y=C.F+P.l=ce” +ce™ ~[(4+ A*)xsin Ax + 22.¢0S AX]

4+ 22)
6. Solve(D*+2D+1)y = XCOSX.

Sol: Given equation is (D? + 2D +1)y = XC0S X
Let f(D)=D2+2D+1. Then AE is f(m)=0
=m?+2m+1=0 =(m+1)?=0
=~ The roots are -1,-1 which are real and equal.
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Thus y.=C.F. =(c1+c2x)e™

NowP.ly, =% Iy 1 ¢yt cosx
D°+2D+1 f(D) f(D)
{X—Z;Z(Djtl)}z;cosx
D°+2D+1 D°+2D+1
= x— ! >2(D+1) ;cosx
(D+1) -1+2D+1
2 1 { 2 }sinx
=| X— —COSX =| X— —_—
(D+1) |2D D+1]| 2
X . sinx X . D-1 . xsinx D-1 .
=—sin X — =—sin X————sin X = - sin x
2 D+1 2 D?-1 2 -1-1
_ Xsin X (cos x —sin x)_xsinx+cosx—sinx
2 -2 2 2

Hence the general solution is givenby y =y +y,

. N X . 1 .
ie., y=(c, +c,Xx)e +Esm x+§(cosx—sm X)

7. Solve (D? +1)x =tcost givenx = O,% = 0at t=0.

Sol: AEism*+1=0=> m= #i
~ The roots are conjugate complex numbers.
C.F.x, =c,cost+c,sint

pl=x, = o5t
D°+1
:(t— 22D )cozs(t) :(t——ZZD j(lsintj
D°+1/D° +1 D-+1 )2
t? . : t? . tcost+sint
=—sint——; (tsmt):—smt—¥
2 D° +1 2 D° +1
t? tcost  sint t> tcost tcost
=—sint———-— =—+ -—
2 D“+1 D“+1 sint 2 D +1
t>  tcost
=——+ - X,
sin t 2
t>  tcost t2 tcost
=>2X, =——+ =X, =+
sin t 2 2sint 4
) . t2 tcost
G.Sis X=X, +X, =C cost+cC,sint+_——+
2sint 4
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By data when t=0= x=0= ¢;=0

dx ) sin t(2t) —t?(cost) t(-—sint) + cost
— =—¢,sint+c, cost + ( )_ 2( )+ ( )+
dt 2sin“t 4

Bydatat:O:%:O:O:OJrchrOJr%

Gy =—=
t>  tcost
— +

2sin t 4

8. Solve the differential equation (D? +4)y = xsin X.

.. 1.
~ General solution is x = —Zsm t+

Sol: Auxiliary Equation is m?+4=0 = m?=(2i)?
~ M=% i2. The roots are complex and conjugate.
Hence Complementary Function, y_. =C,C0s2X + c, Sin 2x

. 1 )
Particular Integral, y. = ———xsin x
ShYe =

= |.P.of 21 xe™
D°+4
=|.P. of e‘x_;zx = I.P.ofe‘x%x
(D+1)"+4 D°+2Di+3

iX 2 N1
=|.P. of e_ 1+D+—2DI X
3 3

ix 2 -
_1p.of & |14 Do F2DN
3 3

=I.P. of e? 1—% Dijx[.'. D?(x) =0,etc.]

=|.P. of 1(cos X +1sin x)(x —1i Zj
3 3

1( 2 : j

==| —=cos X+ Xsin X

30 3

Hence the general solution is

: 1( . 2
y=Y.+Y, =C C0S2X+C,Ssin 2x+§ Xsin x—gcosx
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2

9 .Solve dy +9y = xsin 2x.

XZ

Sol: Given equation is (D?+9)y=x sin 2x
Here f(D)=D?+9then AEis f(mM=0=m*+9=0
The roots are m==3i which are complex conjugate numbers.
~.C.F.=y, =c, cos3x+c, sin 3x

P.l.= p:xs;n 2X: X — (D) isin 2X
D +9 f(D) | f(D)
:[x— ED } 21 sin 2x [Put D?=-4]
D°+9|D°+9

{ _ 2D } sin 2x _ xsin 2x _ 2Dsin 2x
D*+9|-4+9 5 5(D? +9)
Xsin 2x  4cos2x  xsin2x 4

= - = ——CO0S 2X

5  5.4+9) 5 25

General solution is y=yc+yp

I.e., y =C, c0S3X +C, Sin 3X + Xsin & —%cos 2X
2
10. Solve d Z +3ﬂ+ 2y = xe*sin X.
dx dx
Sol: Given equation is the operator form is
(D? +3D +2)y = xe*sin x (1)

AE.is f(mM=0=m*+3m+2=0=(M+2)(m+1) =0
The roots are -2 and -1 which are real and different.
~CF.=y =ce™+c,e”
xe*sinx Xsin X
D?+3D+2 (D+1)*+3(D+1)+2
. Xsin x X[ 2D +5 } sin x
=g ——————=¢*| x— 5

Now P.l.=y =

D?+5D+6 24+5D+6]D*+5D+6
—ex[x— 2D +5 } sin X —ex{x— 2D+5 }sinx
D?+5D+6 |-1+5D+6 D?+5D+6 |5(D +1)
_ e 2D+5 [(D-Dsin x
Yo = X T 12 2
5 D°+5D+6 D -1
—i[x— 2D+5 }cosx—sinx
5 D?+5D+6 -2
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_e*x(sin X —cosx) +§(2D+5)(cosx—sin X)

10 10 D?+5D +6

_e"x(sin X —cos x) i[—Zsin X —2C0S X +5¢0s X — 5sin x}
10 10 D?+5D+6

_e”x(sin x —cos X) i{?,cosx—?sin x}
10 10{ D*+5D+6

_ e*x(sin x —cos x) +§3cosx—7sin X
10 10 -1+5D+6

_e X(sin X —cos x) L& (D-1) (3cos X 7sin X)
+10 10 5(D +1)(D —1)

_e X(sin X — cos X) +e_(D_1) 3C0s X — 7sin X
10 50 -2

_&7X@sin x—cosx) _ e (—3sin x — 7cos x —3¢0s X + 7sin X)
10 00

_e X(sin x—cosx) e (4sin x—10cos )
10 100

General solutionis y =y, +Y,

. . ol X, 1 . 1
e, y=ce +c,e " +e*| —(sin Xx—CoSX) ——Ssin X +-—COS X
10 25 10

2

11. Solve d 2/ —y =xsin x+1(1+ x?)e*.
X

Sol:  Given equation in operator formis (D* —1)y = xsin x + (L+ x*)e, . (1)
This is differential equation with constant coefficients .
A.E. is m*-1=0. The roots re m==1. They are real and different.
CF.isy,=ce"+c,e”

1 ix

——Xe
D°-1

Pl=y, :D%l(xsin X) = |.P.of

=|.P.ofe™ _;zx = |.P.ofe" ———x
(D+1)° -1 D°+2i—-2

— 2 i -
-1.P. of e“[_lj 1_D;2|D X
2 2

=I.P. of e‘x(_—lj{1+ M}(x)
2 2
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=I.P.(cos x +isin x)(%lj[x +1] = %(xsin X + COS X)

(1+x%)

— 1 X X
P = g O = e

1

=ex?_#(sz)=exii(1+x2)=ex.i 142 (1+x?)
D°+2D 2D1 D 2D 2
+7
2
2 3 X 2
=exi by b, .. L+ x? & 1,b b (1+x?)
2D 2 4 8 2{D 2 4 8

_ex( x* 1 x* 2x Zj ex[x3 x> 3x 3}
= Xt S = | - =
=~ General solution is given by

y:yc+yp1+yp2

. L1, e*(x* x* 3x 3
l.e. y=cCex+c,e”" —=(Xsin X+CoSX) +—| ———+———
2 2{3 2 2 4

2.6 Method of variation of parameters:

2
General form is (; 2/ + pl%+ p,Y = R(X) Where P1, P,, X are functions of X.
X X
Working rule:
1. Reduce the given equation to the standard form.
2
2. Find complementary function of (; ¥+ pl%+ p,y= R(x)and let the solution be
X X

Y. =Cu(X)+c,v(x).

3.P.1 =Au+Bv where A and B are functions of x.

4. Find w(u,v) =u % — Vc;_u where w(u,v) is wronskian of u, v
X X

5. Find A and B using Az—j VR dx
w(u, V)
B J- VR
dv du
7_v7
dx dx
uRdx
S T
dx dx
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Complete solution is y = c,u(x) +c,v(x) + Au(x) + Bv(x) where Cy, Cz are constants.

3x

1.Solve y"—6y" +9y = € 5
X

3X

A) (D?-6D+9)y= iz

AEm’-6m+9=0=(mM-3)>=0=>m=33
y, =C.F =(c, +c,x)e¥ =c,e* +c,xe*

= C,U(X) +c,Vv(X)

Where u(x) =e*,v(x) = xe**

u'(x) = 3e*,v'(x) =e* + x3e*

w=uv' —vu’ =e¥*(e* +3xe®) — xe>* 3e*

=e% +3xe™ —3xe™ =e*

Xe3xe3x d
A= [ VRdX _J' —I}/dx_ log X
e3xe3x
_ uRdx _ X dX _ \
B_I s }/ dx =
y =P.l =—e¥log x — x** b —(e* log x +e*)
X

Computing solution ¥ =Y. ¥,
y = (c, +¢,x)e* —(e* log x +e*)
2.Solve (D? —3D +2)y = e by the method of variation of parameters.
Sol: AEm? -3m+2=0=(mM-)(m-2)=0=m=12
y, =C.F :c,e* +c,e™ = cu(x) +C,v(x)
Where u(x) = e*andv(x) = e**
u’(x) = e*andv’(x) = 2e**

W= UV!—VU’ — ex2e2x _ 2xex — 2e3x _e3x — e3x

vRdx ee™ 5 e¥
A=_[YRX__ dx = —[e¥dx = —
w I e J. 3

2x

o= [ =S

Let P.I=Au+Bv
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3x 2x 4x 4x 4x
—e e —e € e
ex + 2X

+
3 2 3 2 6
. Complete solutionis y =y +y,

Yo =Pl =

4x

X 2x €
y=ce* +c,e” +
. Solve (D?+1)x =t cos 2t given x=0 + ‘;—)t‘:o at t=0.

Sol: Given D.E is (D?+1)x =t cos 2t.
A.E is m*+1=0 =m=+xi
Thus C.F.=x, =c,cost+c,sint

_tcosZt_( 2D jcosZt

NOWP.I.:X E iy | e p——— PUtD2:-4
i D?+1)D%+1 [ ]

D?+1
_ (t _Qj cos2t _tcos2t 2Dcos2t
-3) -3 -3 9
X, = tcos2t N 4sin 2t
-3 9

Hence the general solution is
tcos2t N 4sin 2t

3 9

()

X =(c,cost+c,sint)—

By data, x=0 at t=0
~ (1) = 0=c1-0+0 = c1=0
Differentiating (1) w.r.t. ‘t’ we get

2tsin 2t cos2t +gcos 2t(.c, =0) . (2)

dx
a =, COSt +

By data dt =0att=0
dx

~(2)»0=0+c, +0—1+§:>c2 :1_§=__5
39 3 9 9
Substituting the values of c1 and cz in (1) , we get required solution as

-5 . tcos2t 4sin 2t
X=—sint— +
9 3 9
d’y
Apply the method of variation of parameters of solve v + Y = COSEcCX.
Sol: Given equation in the operator form is (D?+1)y=cosec X ....(1)

Here P=0, Q=1 and R=cosec x
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A.E. is m2+1=0= m=zi. The roots are complex conjugate numbers.

=~ C.Fis y, =c,CcosX+C,Ssin x
Let y, = Acosx+Bsin x bethe P.lof(1)

Here u=cosx ,v=sinx
dv du

. U——V—=c0s’+sin?x=1
dx dx
A and B are given by
_ VR _¢sin xcosecx _ _
T T EER
dx dx
urR i
B _Imdx—Icosx.cosecxdx—_[cotxdx— log | sin x|
dx dx

Y, =—Xcosx+sin( x)log |sin x|
Hence the general solution is givenby y =y +y,

I.e., Y =C, COSX+C,Sin X—XCosX+sin slog(sin x)

. Solve (D* +a®)y =tanax, by the method of variation of parameters.

Sol: Given equation is(D? +a®)y = tan ax,
Here P=0,Q=a and R = tan ax

A.E. is m2+a2+0 =m=zai. The roots are complex conjugate numbers.

~ Yy, =C.F =c, cosax +c, sin ax
Let y, = P.I = Acosax + Bsin ax

Let u= cos ax and v=sin ax

Aand B are given by

A J. dX:_Ism ax.tanax
T a
dx dx
=2
:_Ej-sm ax :__Il cos® & :—EUsecaxdx—J‘cosaxdx]
cosax oS ax a

1 1 .
Or A= —log |secax +tan ax | +—sin ax
a a
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And B = I URdX = j cosaxtan aXolx = 1J'sin axdx = —icosax
! dv y du a a a’
dx  dx
The general solution is given by y=yct+yp

ie.,
. 1 1 . 1 .
y =C, Cosax +C, sin ax+| ——-log | secax + tan ax | +—-sin ax |cosax — —-Ccosax.sin ax
a a

cosax
a.2

Which can be written by y = ¢, cosax +c, sin ax — log | secax + tan ax |

2
6. Solve d’y + Yy = xcos x by the method of variation of parameters.

X2
Sol: Given equation in the operator form is
(D?*+1)y=xcosx .. (1)

Here P=0,Q=1 and R=X cosx
A.E is m2+1=0 =m=xzi. the roots are complex conjugate numbers.
C.F.=y, =c,cosx+c,sin x.Letu =cos x,v =sin X, R = xcos x

Then uﬂ—vd—u =cos® x+sin®x=1
dx  dx
Let yp=P.l.=A cos x+B sin X, where A and B are functions of x.
A is given by
VR sin X.X COS X 1
A= —Iﬂdx = —J.fdx e
dx - dx

1 —50052x+lj0032xdx =§C082X—18in 2X
2| 2 2 4 8

URdx COS X.COS X 1
B_Iudv_ du_-[ N dx_zj'(x+xc052x)dx
dx  dx
, .
_ jwdx = XT + XSIZ 2X | COZZX (integration by parts)

The general solution is given by= y=yc+y,

) ) X 1. NG
l.e., y =C,COSX+C, SN X+| —COS2X ——SIN 2X |COSX +| — +
! 2 4 8 4

XSin 2X COS2X | .
2 + sin X

7. Solve (D? +4)y =sec2x, by the method of variation of parameters.

Sol:Given equation is (D?+4)y=sec2Xx ....(1)
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~ AE is m?+4=0 =m=+2i
The roots are complex conjugate numbers.
-y, =C.F.=c, cos2x+cC, C0S 2X
Let yp=P.l1.A=cos 2x+B sin 2x
Here u=cos 2x, v=sin2x and R =Sec 2x.

au =—2sin 2xand av = 2C0S 2X
dv dx
du du
U.— —Vv— = (C0s 2X)(2cos 2x) —sin 2x(—2sin 2x)
dx  dx

=2005°2X+2sin?2x=2(c0os?2x+sin?2x)=2

A and B are given by:

A= —Ide _ _J- (sin 2x)(se02x)dx _ —ljtan oydx _ 1log | cos2x|
d 2 2 2

dv_ du
“dx  dx
:A:Iog|c032x|
4
uRdx cos 2x sec 2x
B= I ﬁ_ du I __Id
dx dx

sy, =Pl= W(cos 2X) +§(sin 2X)

=~ The general solution is given by:
y=y.+y,=CF+P.

C0S2X

. . X .
l.e.,, y=C,C0S2X+C,SIn 2X + log | cos2x | +—=sin 2x
1 2 2

8. Solve (D? —2D +2)y =e* tan x by the method of variation of parameters.

Sol: A.E is m?-2m+2=0
2+/4-8 2+i2

2 2
We have y, =e*(c, cosx+c, Sin X) = C,exCos X + C,e” sin X

=1+

Where u=e* cos x ,v=e* sinx
du . dv .

.. —e*(=sin xX) +e” cosx,— =e* cos X +e”" sin X
dx dx

dv du . . .
Now u——vd— =e* cosx(e* cosx +e®sin x) —e” sin x(e* cos x —e* sin x)
X X

=e*(cos® X +Cos Xsin X —sin Xcos X +sin * X) = e**
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Using variation of parameters,

e* tan X
_I ﬂ B d7u —I (e” sin x)dx
dX dx
N2
z—jtan xsin xdx:J'S'n X4 J'(l cos” x) 2708 X) iy

= j (sec x —cos x)dx = log(sec x + tan x) + sin x

B_Iudv_ %dx
dx  dx
:J~e cosx:i tan de:'[sin xdX = —COS X
e

General solution id given by y=y.+Au+Bv
i.e.,y=ce*cosx+c,e*sin x+[log(sec x+ tan x) —sin xJe* cos x —e* cos xsin x
or y =c,e” cosX + ¢, sin x +[log(sec + tan x) — 2sin x]Je* cos x

EXERCISE

1. Solve y"+4y =tan 2x by the method of variation of parameters.

2
2. Solve 3 Z + 9y = tan 3x by the method of variation of parameters.
X

2
3. Solve (; Z +y = xsin x by the method of parameters.
X

ANSWERS

1) y = ¢, cos2x +c, Sin 2x — %cos 2x log[sec 2x + tan 2x]

2
. X . X
2) y =c,C0s3X+C,Ssin 3x+Esm X—TCOSX

2

. X .
3) y=C,C0SX+C,Ssin x+§smx COS X
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LAPLACE TRANSFORM
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LAPLACE TRANSFORM

INTRODUCTION

The knowledge of Laplace transforms has in recent
years become an essential part of mathematical
background required of engineers and scientists. This is
because the transform methods provide an easy and
effective means for the solution of many problems arising
in engineering. This subject originated from the
operational methods applied by the English engineer
Oliver Heaviside (1850-1925), to problems in electrical
engineering. Unfortunately, Heaviside’s treatment was
unsystematic and lacked rigour, which was placed on
sound mathematical footing by Bromwich and Carson
during 1916-17. It was found that Heaviside’s operational
calculus is best introduced by means of a particular type of
definite integrals called Laplace transforms. The method of
Laplace transforms has the advantage of directly giving
the solution of differential equations with given boundary
values without the necessity of first finding the general
solution and then evaluating from it the arbitrary constants.
Moreover, the ready tables of Laplace transforms reduce
the problem of solving differential equations to mere
algebraic manipulation.

100



= Laplace transform is an integral transform employed in solving physical problems.

= Many physical problems when analyzed assumes the form of a differential equation
subjected to a set of initial conditions or boundary conditions.

= By initial conditions we mean that the conditions on the dependent variable are specified
at a single value of the independent variable.

= If the conditions of the dependent variable are specified at two different values of the
independent variable, the conditions are called boundary conditions.

= The problem with initial conditions is referred to as the Initial value problem.

= The problem with boundary conditions is referred to as the Boundary value problem.

2
Example 1 : The problem of solving the equation d 2/ + % +y = x with conditions y(0) =
X X
y' (0) = 1 is an initial value problem
d’y

+2 dy +y=cosx with y(1)=1,

Example 2 : The problem of solving the equation 3 dx
X

dx?

y(2)=3 is called Boundary value problem.

Laplace transform is essentially employed to solve initial value problems. This technique is of
great utility in applications dealing with mechanical systems and electric circuits. Besides the
technique may also be employed to find certain integral values also. The transform is named
after the French Mathematician P.S. de’ Laplace (1749 — 1827).

The subject is divided into the following sub topics.

LAPLACE TRANSFORMS
Definition Transforms Convoluti Inverse Solution
and Properties of some on theorem transforms of
— Soontioon i differential
Continuity of a function at a point:

let f:S > R, a€s, wesay that f is continuous at “a ‘ if given € >0,36 >0, |[x—al|<§

= |f(x) — f(a)| < & xes
ie, lim f(x) = f(a)

Continuity of a function in [a, b]

A function f(x) is said to be continuous in [a, b] if it is continuous at every point of the interval [a, b]

Sectionally continuous (or) piece wise continuous :

Let a function f(t) be continuous in [a, b] then the function f(t) is said to be sectionally continuous
(or) piece wise continuous if f(t) is continuous in every subinterval when then [a, b] is divided into a
finite number of subintervals

Ex: 1. F(t) = sint is sectionally continuous in [0, 27]

2. F(t) = cost is sectionally continuous in [0, 27]

Function of exponential order:
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Let f(t) bea real valued function Vt > 0 then f(t) is said to be a function of exponential order if
tll_)tg) f(x) e 5t = 0 = a finite quantity

Function of Class A

A real valued function f(t) is said to be a function of Class A if

1. f(t) is Sectionally continuous

2. f(t) is function of Exponential Order

Ex: 1. Examine whether t™ is function of exponential order

Sol:: let f(t) = t™

By the definition of function of exponential order
tan(}o f(X) e—st — th_)rg tne—st

n!

lim 2 =-_=0 (applying L Hospitials rule n times)

tooo seSt  sNMe®

= t" is a function of exponential order

4.1 DEFINITION OF LAPLACE TRANSFORM:

Let F(t) be a function of Class A then the Laplace Transform of F(t) is denoted by L{F(t)} and is
defined as

L{F(t)} = fooo F(t) et dt = f(s)or f(s), wheres isa parameter

4.2 PROPERTIES OF LAPLACE TRANSFORM:

1. If°C’is any constant and f(s) is the laplace transform of F(t) then show that
L{CFO} = CUF(©)} =Cf(s)

Proof:: Given L{F(t)} = f(s)

By the definition Laplace Transfrom

L{F(t)} = f F(t)e stdt = f(s)

0

L{CF(t)} = f CF(t)e stdt = Cf F(t)e Stdt = CL{F(t)} = Cf(s)
0 0

LINEARITY PROPERTY : For any two functions f(t) and ¢(t) (whose Laplace transforms exist)
and any two constants a and b, we have

L{aF(t) + bo¢()} = aL{f(t)} + bL{o(t)}

Proof :- By definition, we have

L{F(t)} = f F(t)e stdt = f(s)

0

L{aF(t) + bd(t)} = Te-st [aF (t) + be(t) it aTe—St F(t)dt + bTe‘S‘(/ﬁ(t)dt
0 0 0
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= aL{F(D} + bL{o(D}

This is the desired property.
In particular, for a = b = 1, we have

L{fO+ ¢} = L{F®} + L{g0)}
and fora = —b = 1, we have

Lif®) — 40} = L{f(O}— L{gD)}
4.3 LAPLACE TRANSFORMS OF SOME FUNCTIONS

Let a be a constant. Then

1. L{e%} = je‘“ea‘dt = je‘(s‘a’tdt
0 0

e—(s—a)t |°O 1

= = , s >a
—(s—a)|0 s—a
Thus,
1
L{e} = —
{e®} s a
In particular, when a = 0, we get
1
L{1}= —, s>0
S
at —at 100
2.L.{cosh at} = L[e -;e j = Eje_“[eat+e_at]dt
0

— lj[e—(s—a)t +e—(s+a)t] dt
2 0
Let s > |a|. Then,

—(s—a)t —(s+a)t
L{cosh at} = 1{ ¢ ¢ } B S
. =

+
2| —(s-a) —(s+a) NPT

Thus,

pdt _gat a
= , S > |q

S
L{coshat} = — >, S > |a
S a

3. L{sinhat} = L(

Thus,

a
L {sinhat} = — >, s > |al
S a
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4.L{sinat} = je‘“ sin at dt
0
Here we suppose that s > 0 and then integrate by using the formula
ax
_[eax sin bxdx =

Thus,

[asin bx —bcosbx]

a’ +b?

e}
—-st

e
(-s)2+a?

[(—s)sinat — acosat]

. L{sinat} = J' e*'sinat dt =
0 t=0

a
L{sinat} = —.———, s >0

s?+a?’

5.L{cos at} = I e cosatdt
0

Here we suppose that s>0 and integrate by using the formula

ax
feax coshxdx =

[acosbx + bsin bx]

a’ +b?
Thus,
% oSt @
L {cos at} = Ie_St cosatdt = |————[(—s)cosat + a sinat]
(—=s)%2 + a?
0 t=0
L{cos at} = > >, s >0

S"+a

6. Let n be a constant, which is a hon-negative real number or a negative non-integer. Then

® ® x) dx 1 %
L{t"} = |e't"dt L= = | == e *x"dx
" j {t"} j (Sj . SI

Lets > Oand setst = x, then

The integral Ie‘xx"dx is called gamma function of (n+1) denoted by I'(n+1). Thus
0

L{t"} = F(Snnjl)

In particular, if n is a non-negative integer then r(n+1) =n Hence

oo
L{t }: n+l

S
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TABLE OF LAPLACE TRANSFORMS

f(t) L{F(t)} = f(s)
1
1 —, s>0
S
et L , $>a
S—a
e—at L ,S>a
S+a
S
coshat > S>1a
S —a
, a
sinhat > » S>al
S"—a
a
sinat 5 5, 5>0
S +a
S
cosat 5 >, >0
S +a
n!
SnT, s>0
t", n=0,12,...
rin+1)
>0
sn+1

44 CHANGE OF SCALE PROPERTY
If L{F(t)} = f(s), then L{f(at)} = é f[gj , Where a is a positive constant.
PROOF :- By definition, we have

L{F(t)} = f F(t)e Stdt = f(s)

0
L{f(at)} = Te—“ f (at)dt 1)
0

Letusset at = x. Thenexpression (1) becomes,

L{F(at)} = lTe_(:jxf(x)dx =1f(i]
ay a \a

This is the desired property.
4.5 FIRST SHIFTING THEOREM
If L{F(t)} = f(s) then L{e®F(t)} = f(s — a)

PROOF :- By the definition of Laplace Transform we have
L{F(O)} = [, F(t)e™tdt = f(s)
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L{e® F(t)} = Te‘“[ea‘f(t)]dt - Te‘(s‘a’f(t)dt
0 0

= f(s—a)
ALITER::
if L{F ()} = f(s) then L{e"*F(t)} = f(s + a)
PROOF :- By the definition of Laplace Transform we have

L{F(D)} = [;" F(t)e™stdt = f(s)
et ) = [esfr@pt = e 1@
0 0

= f(s+a)
This is the desired property.

Here we note that the Laplace transform of e* f(t) can be written down directly by changing s to s-a
in the Laplace transform of f(t).

APPLICATION OF FIRST SHIFTING THEOREM
The shifting property is
If L{f(©)} = f(s), then L{e®* f(£)} = f(s—a)
Application of this property leads to the following results :
S s—a
1. L{e* coshbt}=[L{coshbt}]. . . :(WL” = osa b’
Thus,

S—a

L{eat COShbt} = ()—2b2
S—a) —

) . b a
2. L{e®sinh bt} =|L{sinh bt . -t
{ } [ { }]sas—a [Sz _bz :ls_)sa (S_a)z _b2
s—a

3. L{e*cosht}=———
{ } (s—a)®+b’

b

4, L{e*sinbt}=————
{ } (s—a)?—b?

I'(n+1) n!
(S_a)n+l (S _a)n+l

5. L{e*t"}= as the case may be

6. Find L{e™" (2cos5t — 3sin5t)}
Sol:: Given = 2L{e* cos5t} — 3L{e™ sin5t}
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(s+3) 15
(s+3)°+25 (s+3)*+25

, by using shifting property

2s-9 TP
= R on simplification

7. Find L{coshat sinat}

Sol:: Here
at —at
L{coshat sinat} = L{(e-kTe)Sin at}

1 a a

= +
2{(s—a)2+a2 (s+a)’+a

2} by first shifting property in L.T.

B a(s® +2a?%)
" [(s—a)’ +a’][(s+a)’ +a?]

, on simplification

8. Find L{cosht sin32t}

Sol:: Given

e e

= %[3 L{e"sin 2}— L{e' sin 6t}+3L{e " sin 2t}— L{e" sin 6t}]

_if e e 6 6

8l (s=D*+4 (s-1)°+36 (s+1)°+4 (s+1)°+36
| D S S S

4/ (s-1)*+4 (s-1)*+36 (s+1)°+24 (s+1)°+36

9. Find L{e*‘“t’%}
Sol:: We have

r'(n+1) p

n+1

L{t"} = utn = —5/2. Hence
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r(-3/2) 4Jz

873/2 3573/2

_ Ar
3(s+4)73?

L {t-5/2} -

Change s to s+4 by first shifting Theorem in L.T.

Therefore, L{e *t®*?}=

PROBLEMS

1. Find L{f (1)} given f(t) = {t4 o< tt>< 33

Sol:: Here
© 3 ©
Lif®} = [e f(t)dt = [etdt+ [4edt
0 0 3

Integrating the terms on the RHS, we get

1 . 1 _as

Lif()} = e+ (1-e7)
S S
This is the desired result.

2. Find Lf (t) given f(t) = {SIHZ’B t() ><nt <

Sol:: Here
L{F(D)} = j e‘“f(t)dt+j et f(t)dt = j et sin 2tdt
0 V3 0
e ™ . " 2 .
= | = {-ssin2t-2cos2t}| = 1-e ™
LZ+4{ ssin cos }L sz+4[ ]

This is the desired result.

3. Evaluate : (i) L{sin3t sin4t}
(i) L{cos? 4t}
(iii) L{sin®2t}

Sol:: (i) Here

L{sin3t sin4t} = L {%(cost —Ccos7t)}
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[L{cos t}— L{cos 7t}], by using linearity property

N| -

_E{ s s }_ 24s
20 s +1 s*+49| (s®+1)(s*+49)

(ii) Here

1 1/1 S
L{cos%t} = L =(1+cos8t) r==| =+
¢ d {2( )} 2{3 sz+64}

(iif) We have
L1, .

sin®g = Z(3sm 6 —sin 39)
For 6=2t, we get
L1, .

sin® 2t = Z(35|n 2t —sin 6t)

so that

] 1 6 6 48
L{sin32t}== N,
{ } 4LZ+4 sz+36}

~ (s? +4)(s? +36)
This is the desired result.

4. Find L{cost cos2t cos3t}

Sol:: Here
1
cos2t cos3t = E[COS 5t + cost]
so that
1 2
cost cos2t cos3t = E[cos 5tcost + cos“t]
1
= Z[COS 6t + cos4t + 1+ cos 2t]
Thus

L{cost cos2t cos3t} = %|:52 > 36 + 32 > 16 +%+ st 4:'
+ + +
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5.Find L{cosh?2t}
Sol::  We have

cosh? @ — 1+ 0023h 20

For 0 = 2t, we get

COSh2 2t = M

Thus,

111 S
L{cosh?2t}==| =+
{ } ZL 52—16}

6. Evaluate (i) L{\/f} (i) L{i} (iii)L{t%}
Jt

Sol::  Wehave L{t"} = F(r::;l)
S

(i) Forn = %,We get

r(; 1)

L{tl/z} 3 372

Since I'(n+1) =nI"(n), we have F(% +1] = %F(%} = %

Jz

Thus, L{\/E}=—3
us 284

(i) Forn = —%, we get

r(lJ
Iy \2) N7
R
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(i) Forn = —g, we get

1
o _ (_2j_—25_
L{t 2} = - = 2Jns
O e

7. Evaluate : (i) L{t?} (i) L{t3}
Sol:: We have,

n!
L{tn} = F

(i) Forn = 2, we get

202
L{tz} = ?:—3

(if) For n = 3, we get

|
L{t3} = %:E

EXERCISE
I Find L{ F(t) } in each of the following cases :

t
1.F(t)={e 0<t<1

0 ,t>1
t
pr-{F 0T
1 , t>1
t
- <
amo:{w O<ts=a
0 ,t>a
I1. Find the Laplace transforms of the following functions :
4. cos(3t +4) 5. Sin2t sin3t 6. Cosb5t cos2t 7. Sin4t cost
8. sintsin2tsin3t 9. sin®5t 10. (sint — cost)? 11. cos® 2t
1 3
12. sinh® 2t 13, 152 14. | Jt—-— 15. =
Jt Vnt
16. sinhat-sinat 17. €% sin® t 18. e sin3t cost 19. (1 + te™ )3
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. 1-e* e g™ sin %t
20. t2 e* sint 21. 22. 23.
t t t
24 cos4tsin 2t
' t
ANSWERS
el=s—1 1-e~St 1-e 48
(I) 1. 1—_5 2. ‘[S—Z 3. 3_2
(1) 4 scos4—3sin4 125 s(s2+29) 1[ 5 3 ]
' 5249 " (s2+1)(s2+25) T (s249)(s2+49) 2 ls2+25 * s2+9
1] 2 6 4 50 1 2 1[ s 3
Z[s2+22 T 52162 52+42] " s(s2+100) 10. S-=7 113 [52+36 52+4]
48 15 V[ 3 6 12 1 2a®
2 G B 14. ¥ 55—/2—53—/2+\/—§+8\/§] 15 & 16 o
1[ 1 s-3 2 1 3 6
17. E[E_(s—s)zﬂ] (5-2)2+16 ' ((s—2)%+4) 19. s | (s+1)? | (s+2)3
6
(s+3)*
6(5-3)?~2 (22) (22) 281iog (£22) 24, Lftan+ tan-1]
20. Gy 21. log . 22. log i 23.4 log = 24. >|tan™ S +tan™" -

4.6 LAPLACE TRANSFORM OF t" F(t)

dn
ds"

Show that

L{t"FO}= (-)" — F(s)
Proof::

Here we suppose that n is a positive integer. By definition, we have
LF@} = f(s) = [e*F(t)dt
0

Differentiating ‘n’ times on both sides w.r.t. s, we get

n

os"

d
ds

nn f(s)= Te‘StF(t)dt

Performing differentiation under the integral sign, we get

n

[F©)]=[tre Fdt

0

o0

d
ds

Multiplying on both sides by (-1)", we get
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n

:s” [f(s)]= T(t"F(t)e‘S‘dt = L{t"F(t)}, by definition

D"

Thus,

dn

L{t"F(O)}= (-1)" &

F(s)

=

particular, we have

Lt F(O)} = —%F(s), for n=1

2

L{t? f(t)} = % F(s), forn=2, etc.

4.7 LAPLACE TRANSFORM OF @

Show that L{@} = T f(s)ds

Proof:: We have, f(s) = J.e‘S‘F(t)dt
0

Therefore,
o0

| f(s)ds= Of_ojoe_St F(t)dt}ds = ]EF(t)[Te“ds}dt
SLO 0 s

S

—!F(t){_t dt _je { t }dt—L{ t }

s 0
Thus,
Ft)| T
L{T} = j f(s)d
PROBLEMS

1. Find L{te~t sin4t}
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Sol:: We have,

L{e " sin 4t} = +
(s+1)°+16
So that,
L{te ¢ sin4t} = 4] — i {2;}
ds (s +2s+17

8(s+1)
(s® +2s+17)°

2. Find L{t? sin3t}

Sol:: We have

3

L{sin3t} =

tsin3t} s?+9

So that,
2

L{tZSln3t}—d—( 3 J =_6i 23 2
ds?\s?+9 ds (s +9)

2. Find L{e "'sint}

Sol:: We have
L{e"'sin t} = ;2
(S+D)°+1
Hence L g sint = J- [tan “(s +1)]:O
5 (s +1)

= %— tan*(s+1) =cot*(s+1)

4. Find L{Sltﬂ} Using this, evaluate L{Smt at}

Sol::  We have
1
L{sint} =
{sint} s?+1
So that
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L{R(D)) = L{S'tﬂ} - T B _fants]

s°+1

= %—tan‘ls =cot™s=f(s)
Consider
L{sm at } 4y L{(sm atj}L: aL{F (at)}
t at
1.,.(s .
=a|— f| — ||, inview of the change of scale property
a \a
= cotl(ij
a
5 Find L{cosat;cosbt }

Sol::  We have

S S

L {cosat - cosbt} = -
s’ +a® s’ +b?

So that

cosat — cosbt } T S S
{ t -![52+a2 sz+b’l

I s’ +a’
Lt logl —— |-lo
500 g[sz+b2J g(

1]
N| -

N[

6. Prove that I e'tsin tdt = 3
J 50

Sol::  We have

s?+a?
s? +b?

0tlo s? +b? -llo s? +b?
g s?+a? 2 g s’ +a?

d

ds

Te‘S‘tsintdtzL{tsint} =—%[L{sin t}] =——{ 1 }
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_ 2s
(s* +1)°

Putting s = 3 in this result, we get
j e 'tsin tdt = 3
5 50

This is the result as required.

EXERCISE
I Evaluate the following integrals using Laplace transforms :

© © —at —bt
1. ‘[te‘2t cost dt 2, J‘e“t3 sint dt 3._[ € € gt
0 0 0 t

. Tesin?t
7
ANSWERS
L2 2 0 3 logb/a) 4 llog(“E)
4.8 LAPLACE TRANSFORMS OF THE DERIVATIVES OF F(t)

dt

Show that L{F'(t)} = sL{F(t)} — F(0) and

{F")}=s"L{F(t)}- s"'F (0)— s”’zF'(O) — e — F“’l(O)
Proof::
Consider

L{F'(O}=), e stF' (t)dt
= [e‘StF(t)jE —~ I (—s)e ™ F(t)dt, by using integration by parts
0

= LLEO (€ 'F(t) ~ F(0)|+ sLF (1)

=0 — F(0) + s L{F(t)}
Thus
L{F'(0)} = sL{F(©)} - F(0)
Similarly,
L{F""(t)} = s2L{F ()} — sF(0) — F'(0).
In general, we have
{F")}=s"L{F(t)}- s"'F (0)-— s”‘zF'(O) — e - F“‘l(O)
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49 LAPLACE TRANSFORM OF [ F(t)dt

Show That L{j f (t)dt} _ % LEE ()}

0

Proof:: Let ¢ (t) = j f(t)dt. Then ¢(0)=0 and ¢'(t)=f(t)
0
Now,

L {60} = [e'g(t)dt
0

} —T¢'(t)e Stdt

e—St
—-S

= {¢(t)

- (0-0)+ ET (e dt
S 0
Thus,
L{j i (t)dt} AT
0 S

PROBLEMS
1. By using the Laplace transform of sinat, find the Laplace transform of cosat.
Sol::  Let
a

+a

F(t) = sin at, then L{F(t)} =

52 2

We note that
F'(t)=acosat

Taking Laplace transforms, we get
L{F'(t)}=L{acosat}=al{cos at}

or L{cosat} = é L{F'(t)}zé[sL{F(t)}— F(0)]
_ 1{ 2sa : _0}
a|s” +a

S
s? +a?
This is the desired result.

Thus

L{cosat} =
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. "[ 1 1 1
2.Given L<{2.|—'}'=—— showthat L{— }=—
{ 7[} g3/2 { /M} \/g

Sol:: Let F(t) = 2\/I , given L{F(t)} = 31,2
P S

11
NN

Taking Laplace transforms, we get

=t L
L{F'(t)}= L[ Jﬂ

Hence

1 ! = —
L{ﬁ} =H{F'(}=s{F ()} - F(0)

1
= 5(53/2j_0

We note that, F'(t) = \/2_ 5
T

Thus

e

This is the result as required.

t
3 Finc L{;(Mj«}

0
Sol:: Here

L{F(0} = L{(cosat—cosbtj}zllog(sz +b2J
t 2 s“+a

Using the result

t 1
L{Js F(Ddt} =2 L{F (1)
We get,

t 2 2
L J-(cosat—cosbtjdt =ilog s2+b2
0 t 2s s*+a

t
4. Find L{j te' sin 4t dt}
0

Sol::  Here
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8(s+1)

L{fe 'sin 4t}=——" "7~
{ } (s* +2s +17)?

Thus

t
L{J'tet sin 4tdt} = 8(s+1)
0

s(s® +2s+17)?

EXERCISE
1. Find (i) L{ITt } (ii) L{jtet sin 5tdt} (i) L{j :intdt}

V) L{jsin ty }

ANSWERS

a1 -1 . 10(s+1) sy 1w -1
(I)Zs ~tan”'s (||)—S((S+1)2+25)2 (iii) S[Z tan (s+1)]

(iv) % E - ztan‘1 s+ itan‘1 G)]
4.10 INVERSE LAPLACE TRANSFORM

Def:: Let L{ F(t)} = f(s). Then F(t) is defined as the inverse Laplace transform of f(s) and is
denoted by L1 {f(s)}. Thus L™ 1{f(s)} = F(t).

411 LINEARITY PROPERTY
Let L1 {f(s)} = F(t) andL ' {g(s)} = G(t) and aandb be any two constants. Then

L7 {af(s) + bg(s)} = a L7 {f ()} + bL™* {g(s)}
TABLE OF INVERSE LAPLACE TRANSFORMS

(s) F(t) = LY{f(s)}
1
l,s>0
S
at
i,s>a €
s—a
—at
i,s>a €
s+a
S 0 Cos at
,S>
s?+a?
1 Sin at
,$>0
s?+a’ a
1 s>|a| Sin h at
s?—a’ a
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S
>
52 aZ’S |a| Coshat
n
n+l’S>O t_
S n!
n=0123,...
n
n+1’S>0 t
S r(n+1)
n>-1

PROBLEMS

1. Find the inverse Laplace transforms of the following:

s+b en 285 4s-9

S 1 i iii +
(')25_5 ()sz+a2 ( )452+25 9-5s2

Sol:: Here
5t
(i) LT LI G B P
2s-5] 2 s_% 2
(i) Ll{sfizz}:Ll{sziaz}m Ll{sziaz}zcos at+§sin at

_5 9
(iii) Ll{ 255 43‘8}=§L1 ﬂ 4L1{5 A}

+
4s*+25 9-¢?

:1 cosﬁ—sin ot — 4| cos h3t—§sin h3t
2 2 2 2

4.12 FIRST SHIFTING THEOREM OF INVERSE LAPLACE TRANSFORM

Statement:: if L7 {f(s)} = F(t) thenL ' {f(s—a)}= e* L Y f(s)}
Proof::
By First Shifting Theorem of Laplace Transform we have
If L{F(t)} = f(s), then L{e* F(¢t)} = f(s- a), and so
LHf(s-a)} = e F(t) = e L7H{f(s)}
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PROBLEMS

1. Evaluate : L™ 33—+14
(s+1)

Sol:: Given = L* M —3L7 _ 1
(s+1)°

(s+1)"

Using the formula

L‘l{ 1 }zt—l and takingn=2 and 3, we get
n!

n+l
S

—t42 —143
Given= et _e3t

2. Evaluate : L'l{i}

s?-2s+5
Sol::

s—1F +4 (s—1y +4

=et L—l{

=e' cos thtget sin 2t

3. Evaluate : L1{225—+1}
s +3s+1

3
S+2)-1
Sol:: Given =2L% % =2/ L*

(s+3F -5, 6+3f-5,]
=3t
— S
=2 e?2 Ll{sz%

-3t
=2e?2 {cos h?t—

2 —
4. Evaluate :L* w
$T+8°—2s
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S™+

S

1
(s+1)°

-1

e

S ligett 21
4 s°+4

}

el




Sol::  We have

25 +5s—4 2s°+5s-4 2s°+5s-4 A B
$°+s2-25 ss?+s-2) s(s+2)s-1) s Te12
Then
25%+5s-4 = A(s+2) (s-1) + Bs (s-1) + Cs (s+2)
Fors=0,weget A=2, fors=1, weget C=1andfors=-2, weget B=-1. Using these values in
(1), we get

2s°+5s-4 2 1 1

$1+s2-25 s s+2 s-1
Hence

2 —
B
S"+S" — S S+ S—

5. Evaluate : L‘l{ 45+5 }

C
+_
s-1

(s+1f +(s+2)
Sol:: Let us take
4s+5 _ A N B N C
(s+17+(s+2) (s+1f s+1 s+2
Then
4s+5 = A(S+2)+B(s+1)(s+2)+C (s+1)>

Fors=-1,weget A=1, fors=-2, wegetC=-3
Comparing the coefficients of s%, we get B + C = 0, so that B = 3. Using these values in (1), we get

4s+5 1 3 3

+ »
(s+1P+(s+2) (s+1f (s+1) s+2
Hence

L_l 4s5+5 A e_t L_l{i} + 3e—t L—l{l} _ 3e—2t L—l{l}
(s+1)f +(s+2) s* s S

—te'+3et -3

3
5. Evaluate :L‘l{ 45 4}
s*—a

Sol:: Let

3 A B Cs+D
+ +

s*—a* s—-a s+a s?+a?

@

Hence
s = A(s + a) (s* + @%) + B (s-a)(s™+a)+(Cs + D) (s*— a?)
For s = a, we get A = ¥; for s = -a, we get B = ¥; comparing the constant terms, we get
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D = a(A-B) = 0; comparing the coefficients of s°, we get

1=A+B+CandsoC =%. Using these values in (1), we get
s =1{1+1}r£ S

s'—a' 4[s-a s+a] 2s*+a’

Taking inverse transforms, we get

3
L 48 ar=L C PR ZS ; =1[eat+e‘at]+lcosat
s"—a 4s—-a s+a| 2s +a 4 2

= ; [cos hat +cos at]

6. Evaluate :Ll{%}
ST+s°+1

Sol:: Consider

S B S 1 2s
s4+sz+1_(sz+s+1)+(sz—s+1)_ 2 (sz+s+1 sz—s+1)

_1_(52+s+1)—(52—s+1)}_1[(3 1 1 }

2| (s2+s+1)s?—s+1) | 2[(s®—s+1) (s®+s+1)

2

I D S
_2 1\ 3 1)\ 3
S—Z) +— \s+3) +—
_( 2) 4 ( ) 4
Therefore
gl 2
s"+s°+1 2 g2 2 242
4
.3 3
1] & sin—t 1 sin—-t
=—|e? 2 _g>2 2
2 73 3
2 2
—ism @t sin h t
-5 >
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EXERCISE
I.Find Inverse Laplace Transform of the following

4 4S 55+1 S2-3S+4 V549
1. - 2. 22 3.52+16 . 5 5. 7
Y
6 35-10 . 95-50 1
" 4§2-9  16-52 T 25243
I1. Find the Inverse Laplace Transform of the following
1 1 1 s
T (s+1)(s-2) T (s+1)(s+2)(s+3) "(s+1)(s2+1) T (s+2)(s24+1)
45+5 s? s2+10s+13
(s—1)2(s+2) ‘(s—1)(s2+1) " (s—1)(s2-55-6)
ANSWERS

l.
1. 4e* 2. 4cosh2t 3. 5cos4t+§sin4t 4. 1—3t+2t3

5. %tz + %\/EtS/Z 6. %cosh? — gsinh% — 9cosh4t + Zz—ssinhAt

1. geZt —ge‘t 2. %[e‘t —2e 2t 73] 3 %[e‘t — cost + sint]
4, — Ee‘zr +§cost + isint 5. get + 3tet +e7%
6. Zet +2(cost + sint) 7. — 2ot 4 2ot 4 10 6t

2 2 5 7 35

413 EVALUATION OF L[e™ f(s)]

We have, if L{F(t)} = f(s),then L{F(t —a) H({t —a)} = e~ * f(s), and so
L™ [e™ F(s)] = f(t-a) H(t-a)

PROBLEMS

p=Ss
(s-2)f

Sol::  here a=5, f(s)=

()Evaluate: L™

1
(s-2)

=) 4 1 2t i ZeZttS
Therefore F(t)=L*{f(s)}=L {(8_2)4}_e L {34} -
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RS

1

e—SS

Thus L° oo — f(t—a) H(t-a)
_ ez(ts)g_5)3 H(t_5)

—7S —275
(2) Evaluate: L™ 2 +sze_
s°+1 s°+4

Sol::
Given=F(t—z)H(t-7)+F,(t-27)H(t-27)

Here F(t)= L‘l{ 21 }zsin t

s°+1

Fz(t):Ll{ 25 }ZCOSZt

s°+4

Now relation (1) reads as

Given = sin(t—z)H(t—7z)+cos2(t -2z )H(t-2x)

=—cost H(t-x)+cos (2t)H(t - 27)

EXERCISE
I. Find the Inverse Laplace Transform of the following
1 N S+2 4 S+2 s—-1
" (s=3)5 (s+2)3 " 5242542 ' s2-4s5+13 " s2—65+25
s+1 S S
sZ—s+1 T os%t+s241 T s*+64
ANSWER

it“e“ 2. (t—t»e 2t 3. e Ycost+ sint]

e?t (cos3t + gsinBt)

e3t (cos4t + %Sin4t) 6. eg [cos (? t) ++/3sin (

ésinZt sinh2t
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4.14 INVERSE TRANSFORM OF DERIVATIVE

If L~Yf(s)}=F@ then L~ {f"(s)} = (-1)"t"L 1 {Ft))
Proof:
We have L{t"F(£)} = (—1)" - [f (s)]
There fore (—1)"f™[s] = L{t"F(t)}
LHEDM M)} = {t"F(6)}
(D)} = {t"F(t)}
LHf™(s)} = (DM F(0)

PROBLEMS
(1) Evaluate: L* {Iog(ﬁ]}

S+b
Sol:: Let f(s)= Iog(%j =log(s+a)—-log(s +b)
+

Then -4 f(s)= —[i—i}

ds s+a s+b
So that Ll{— % f(s) } = e —e™]
or tF(t)=e™-e™®
—bt —at
Thus  F(t)=2 ;e

n | o

(2) Evaluate L™ {tan ‘1(

)

Sol:: Let f(s)=tan 1(Ej
S

Then —dif(s)=[ a }

S s? +a?

or Ll{—dif(s)}:sin at  sothat
s

or tf(t)=sin at

f(t): sint at
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415 INVERSE LAPLACE TRANSFORM OF |22
Proof::

SinceL tf Fls) wehave
ICO
{ (S)} If()

0
PROBLEMS

(1) Evaluate: L™ 21 .
s(s? +a?)

Sol::

Let us denote F(s)= so that

s’+a’

F(t) =L (s)= Si”aat

t -
Then L_l{ﬁ}:L_l{f(S)}:JSIn at .
sls? +a s )" a
_ (1-cosat)
T

(2) Evaluate: L* - 1 .
s’(s+a)
Sol::

we have L‘l{ — e

1
(s+af

t

= j et dt

= a_12 [1— e (1+ at)], on integratio n by parts.

Hence L‘l{

Using this, we get

'—'1{ - }—%j e (1+at)ft

s?(s+a)

= % [at(1+ e ™ )+ 2( )]
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EXERCISE
I. Find the Inverse Laplace Transform of the following

Liog(2) 2 wg(2D) 3 tag(1-2) 4 top(2)

5. tag(S23) 6. t0g ()

I1. Find the Inverse Laplace Transform of the following

Looem() 2 = 3 e (3R
' 5249 Tos+1 ' s2+4
ANSWERS

l.

bt

ebt_eat —e 3 1—e4t et+1-2cost
t ) t ' t ' t

5.—% [e7t +e73t —e2t — 3] 6.

1.

Il 1. —cos3tu(t—m) 2. e @WDyt+1) 3. (cos2t+ sin2t)u(t+ 2m)

5.1 UNIT STEP FUNCTION:

In many Engineering applications, we deal with an important discontinuous function H (t-a) defined
as follows :

0, t<a
H(t-a)=
1 t>a
where a is a non-negative constant.
This function is known as the unit step function or the Heaviside function. The function is hamed

after the British electrical engineer Oliver Heaviside. The function is also denoted by U(t-a). The graph
of the function is shown below:

H(t-a) ,
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Note that the value of the function suddenly jumps from value zero to the value 1 as t — a from the
left and retains the value 1 for all t>a. Hence the function H(t-a) is called the unit step function.

In particular, when a=0, the function H(t-a) become H(t), where

0, t<0
H(t) =
® {1, t>0

Transform of Unit step function:
By definition, we have

L{H(t-a)} = Te‘“ H(t —a)dt
0

= Te‘s‘ Odt +Te‘St (Ddt
0 a

1
In particular, we have L {H(t)}= —
S

as

Also, L‘l{e
s

}: H(t-a) and L‘l{§}= H (t)

HEAVISIDE SHIFT THEOREM

Statement :-
L {F(t-a) H(t-a)} = e® L{F(t)}

Proof :- We have

L {F(t-a) H(t-a)} = T F(t—a)H (t —a)e dt
0

= j e'F(t—a)dt
Setting t-a =u, we get
L{F(t-a) H(t-a)} = j e @V E(u)du
0

=e® L{FO}
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This is the desired shift theorem.

Problems
1. Find L{[e"? + sin(t-2)] H(t-2)}
Sol :
Let
F(t-2) = [€"2 + sin(t-2)]
Then
F(t)= [e'+ sint]
so that

1 1
L{F(t)}= — +
(FO s—1 s2+1

By Heaviside shift theorem, we have

L{F(t-2) H(t-2)} = e L{F()}

Thus,

L{e®? +sin(t-2)H(t-2)}=e? {i s }

s—1 s?+1
2. Find L{(3t? +2t +3) H(t-1)}

Sol :
Let

F(t-1) = 3t +2t +3
so that

F(t) = 3(t+1)? +2(t+1) +3 = 3t> +8t +8
Hence

L{F(t)}:%+£2+§

s° s s

Thus

L{(3t? +2t +3) H(t-1)} = L{F(t-1) H(t-1)}

=e*L{F(t)}
LR
s s* s
3. Find L{e" H(t-2)}

Sol :
Let F(t-2) =e', sothat, F(t)=e™?
Thus,

130



672

L{F®) }=
s+1
By shift theorem, we have
—2(s+1)
LF(t-2)H({t—-2)}=e = L{F(t)} = °
s+1
Thus
L{ » H 2} e—2(s+1)
e Ht-24= s+1
4. Let F(t) = fi(t), t<a
f2 (), t>a
Verify that
f(t) = fu(t) + [f2(t) — fL()]H(t-2)
Sol :
Consider
fa(t) + [f2(t) — Fu()H(t-a) = fu(t) +  fo00) —fu(t), t>a
0, t<a
fol(D), t>a

= f0), t<a = ),

Given . Thus the required result is verified.

_ t?1<t<2 . . : :
5. Express the functions f(t) = 4 t2 in terms of unit step function and hence find their
, t>
Laplace transforms.
Sol:
Here,
f(t) = t2 + (4t-t%) H(t-2)
Hence,
L {f(t)} = 33+ L(4t —t*)H(t-2)
S
Let
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o(t-2) = 4t -

so that
O(t) = 4(t+2) — (t+2)2 = -2 + 4
Now,
2 4
L{p()} =5+~
s s

Expression (i) reads as

LLA(0) = S%+ Lipt-2H(t-2)]

This is the desired result.
cost,0<t<rx

] in terms of unit step
sint, t>rn

6 .Express the functions f (t) :{

function and hence find their Laplace transforms.
Sol:

. Here f(t) = cost + (sint-cost)H(t-)
Hence,

L{f®} =

Let
¢ (t-w) = sint — cost
Then
d(t) = sin(t + m) — cos(t + =) = -sint + cost
so that
+

L{oM}= ——
s°+1 s
Expression (ii) reads as
- S — —
L{fO} = 7 + Lt -mH(t-)]
S

=5 +e"L{gt)}

s°+1

S sl S—1
s°+1 s +1

s
s?+1

+ L(sin t —cost)H (t — 7)

S
+1

2
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EXERCISE

Express the following functions in terms of unit step function and hence find their Laplace

transforms.

L(t-2PH({t-2) 2 e™H({-2) 3 t°H({-2) 4 e™({t-5)H(-5)

5. (t-1°H(t-1) 6. e*'H(t-a) 7.e°H(t-3)

0,0<t<«1 cost, O<t<~r sint, O<t<~x
8).f(t)=12,1<t<2 9). f(t)=41, 7 <t<2z 10).f(t)=1sin2t, z<t<2z
0,t>2 sint, t>2r sin3t,t>2r
ANSWERS
2s -2(s+3) 10-5s -S —as
BT, ¢ 3. ezs(%+iz+ﬂj s & 5% g ¢
S s+3 s° s* s (s-2) S s+1

-3s
7. & 8.g(e‘s—e‘25) 9 - ° +e"‘s{l+ > }+e‘2’5{ > —1}
s

s?+1
1 s 2 1 o 3 2
L +e 5 +— +e 5 -—
s +1 s°+4 s +1 S°+9 s°+4

5.2 UNIT IMPULSE FUNCTION OR DIRAC’S DELTA FUNCTION

The idea of a large force (like earthquake) acting for a very short duration of time is of

practical importance as, for instance, in the collision of two bodies. To deal with such situation, we
introduce a function called the Impulse function which is a discontinuous force function.

Thus unit impulse function is considered as the limiting form of the function

0, fort<a 1
=, for a<t<a+
f.(t—a)= 1 fora<t<a+¢ (or) J¢ ]
& .
0, otherwise
0, fort>a
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+e

As & > 0it is clear from figure that as & — 0, the height of shaded strip increases indefinitely and
the width decreases in such a way that its area is always unity.

L{f (t—a)}= Te“ f (t—a)dt

0

= je-st f (t—a)dt+ je-st f (t—a)dt

a+e

v g
_ {e t;dt+ je t(0) dt

at+e

g

~ 1 et ate ~ e—as(l_e—as)
—-S a &S
The limit of f_(t—a)as & — Ois denoted by &(t —a) and is called the Dirac delta function.

Laplace transform of Dirac delta function:

134



Lis(t-a)j=Lim L{f, ()}

-0

&S 0

_Lim eas(l—e‘ss)[oj

—&S

e . .

=e ® Lim ——,usigLHospitalrule
-0 S

— e—asl — e—as

Thus unit impulse function &(t —a) is defined by

fort=a
5(t—a)={oo

0 fort=a

Such that j St—-a)dt =1 (a=0)
0

5.3 PERIODIC FUNCTION

A function f(t) is said to be a periodic function of period T > 0 if f(t) = f(t + nT) where
n=1,2,3,..... The graph of the periodic function repeats itself in equal intervals.

For example, sint, cost are periodic functions of period 27 since sin(t + 2nr) = sin t,
2nm) = cos t.

cos(t +
The graph of f(t) = sin t is shown below :

|G raph of f(t)=sin(t)
_ :f\,_

Sin (t)

Note that the graph of the function between 0 and 2r is the same as that between 2x and 4x and so on.
The graph of f(t) = cos t is shown below :

135



[ " GRAPH OF f(t) = COS(t)

Note that the graph of the function between 0 and 27 is the same as that between 2r and 47 and so on.

Theorem:

Let f (t) be a periodic function of period T. Then
1 .
L{f (t)}:mje Uf (t)dt
0

Proof :

By definition, we have

L{f(t)} = Te‘“ f(t)dt = Te‘su f (u)du
0 0

T ()T

0
o ()T

=> je‘suf(u)du
n=0 nT

Letussetu=t+nT, then

L{ f(t)} = i je—“““” f(t+nT)dt

n=0t=0
Here
f(t+nT) = f(t), by periodic property
Hence

T

L{f ()} = jj:(e-sT ) [ et

0
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_ 1 i«
‘[1—esTke f(t)dt,

identifying the above series as a geometric series.
Thus

1 T
L{f(t)}= {—1_8_5 Me f (t)dt

This is the desired result.

1. For the periodic function f{(t) of period 4, defined

by £(0) 3t, O<t<2 Find L{ f(0}
= s In .
Y 6, 2<t<4
Sol: Here, periodof f(t)=T=4
We have,
;
L {f()} = e f (t)dt
0= | o [ 1)
1 I
= e f (t)dt
{1—e48 M ®
1 |2 4
= T jSte*Stdt+ I 6e5tdt}
1-e 9 2
I —st 2 2 —st st 4
= 1 3{{8 ﬂ [0 dt}+6(e ] ]
1-e -s . =S -5
L 0 2
1 [3f-e®-2se)
1_e74s i SZ
Thus,
3(1-e —2se7*
L{fy = )

s’(l-e™)
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2. A periodic function of period 27 s defined by
w

Esinot, 0<t< z

f(t)

where E and o are positive constants.
Show that
Ew
L{f(O} =

(s> +w?)1-e™"")

2
Sol: Here T-= —”. Therefore
W

27l

1 s
0

1 7l )
= ————— | Ee™ sin wtdt

zlw

—st
E [ © 2{—Ssina)t—a)cosa)t}}

1_e—s(27r/w) SZ +o .

~ E we™' +1)
S 1-elT) g2 42

Ew(l+e ™)
A—e™Y1+e ") (s* + w?)
_ Ew
(-5 +0?)

This is the desired result.

3. A periodic function f{t) of period 2a, a>0 is defined by
E, 0<t<a
f(t) {
-E,a<t<?2a
show that
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L {f(0 3= = tanh (ﬁj
S 2
Sol: Here T =2a. Therefore

LLOY T 1 _— Ie‘“ f (t)dt

= 1;2“[_[ Ee’Stdt+I Ee“dt}
_ E

Csl-e %)
E )[(1—e’as)2]: EQ-e™)?

Cos(l-e sl-e®)1+e™)

~ E eas/2 e—as/2 Etanh
S eas/2_’_e—as/2 S 2

This is the result as desired.

[(1_ e—sa)+ (e—2as _ e—aS)]

4. Find the Laplace Transform of the periodic function
f(t)=tforO<t<4and f(t+4) =f(t).

Sol: Here, period of f(t) =T =4

We have,
L {f()} = L_ }Ie‘“ f (t)dt
1 st
L - l[e tdt
= {t }
1-e™*
4e‘45 (O_ij
SZ
Thus,
I_{f(t)}zl—4se —-e)

SZ(l_e—4S)

5. Find the Laplace Transform of the function

139



1, 0<t<E
f(t) = 2 and f(t+a)=f(t).
a
—l, §<t<a

Sol:

Here, period of f(t) =T =a

We have,
1 T
L {f(t)} = e ' f (t)dt
{f(o} L_e_ﬂﬂ ®)
1 T‘ o
= — [|e f(t)dt
e
1 % e
= . Ile‘“dt+j—1e‘“dt
1_e as 0 A
i 2
1 estJ; (e—st]a
1-e®|| -5 o -5 %
Ia=s s
1 e? +£ e™ e’
1-e®|| —s s S S
Thus,
;&S
1 l+re® —2e 2
L{f()} = =
1-e S

6. Find the Laplace transform of the square wave function of period 2a

K, 0<t<a
Defined as  f(t)

-K, a<t<?2a

Sol: Here, period of f(t) =T = 2a
We have,
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1
1_ efsT

=

= —— ||~ f(D)dt
1-e? JJ

1

= _j' ke *'dt + T— ke“dt}
L O a

1 i ot a ot 2a
e 5,5
l1-e -S ), -S ),

L {f()} = [ }je-st f (t)dt
0

Thus,
k{l—e™
L{f(t)} = H
sil+e
EXERCISE

1. Find L{ f (t) }, where f(t) is a periodic function of period 27z and it is given by

sint, 0 <t
£(t) = <t<rm
0, 7m<t<2r

2. Find L{ f (t) }, where f(t) is a periodic function of period T and it is given by
f(t) :$ , when 0 <t<T

3.Find L{|sint |}

4. Find L{ f (t) }, where f(t) is a periodic function of period 2b and it is given by

f(t)=t, O<t<b and f(t)=2b—-t, b<t<2b
5. Find the Laplace Transform of the function
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f(t):{_l' Ost<l F(t+2)=f(t).

1, 1<t<?
6. Find L{ f (t) }, where f(t) is a periodic function of period T and it is given by
E -E, 0<tc< 2
f(t) =
3E - % T <t<T

7.Compute L{ f(t) }, if f(t)=t>,0<t<2and f(t+2)=F(t)

ANSWERS

1 K ke 1+e™ 1 bs
- (s +1)1-e™) T sft-e) 3 (+1i-e ) 4 s—ztanh( j

1-e® E 4 - A
5. s(1+e‘5) 6. s(l—eST){T_s(l_e 2]—Ze 2 —3e —1}

7. ﬂlf?)[l—e—%(u 25+ 25

54 CONVOLUTION
The convolution of two functions f(t) and g(t) denoted by f(t) * g(t) is defined as
f(t) * oft) = j f(t-u)g(u)du
Property : f(t) : a(t) = g() * f(t)
Proof :- By definition, we have
f(t) * oft) = j f(t-u)g(u)du
Setting t-u = X, woe get

() * 90 = [ F()g(t—x)(-dx)
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- J'g(t—x)f(x)dx =g(t)* f(t)

This is the desired property. Note that the operation * is commutative.

CONVOLUTION THEOREM

Statement: If f(t) and g(t) are piece-wise continuous functions for t > 0. And are of exponential order
then

LLR(t) * 9O} = LER® 3 L{o®} = f(s)g(s) or [f .gj(s)

Proof :- Let us denote
t
i) * 9 =60 = [ f(t-u)g(u)du
0
Consider

L0} = [e=1] 1 - w)g (et

= Tje‘“ f(t—u)g(u)du 1)

We note that the region for this double integral is the entire area lying between the lines u =0 and u =
t. On changing the order of integration, we find that t varies from u to oo and u varies from 0 to oo.

0 Uu=0 >t
Hence (1) becomes

o0 0

L{o(t)} = j j e f (t —u)g(u)dtdu

u=0t=u

= Te’s“ g (u){Tes““) f(t- u)dt}du

0

o0

J. g(u){Te o f (V)dv}du . wherev=t-u
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= Te‘sug(u)duTe‘Sv f (v)dv
0 0
=L{g®O} . L{f()}
Thus

L{f®} . L{a(®) }= LIfE) * 9(t)]
This is desired property.

Inverse transform of F(s) by using convolutio n theorem
We have, if L{f(t)} =F(s)and L{g(t)} =G(s), then
L[f(®) *g(® ] = L{f (1)} L{g(t)} = F(s) G(s) and so

L [F(s) G(s)]= F(t) * g(t) = [ f(t—u)g(u)du

0

This expression is called the convolutio n theorem for inverse Laplace transform
PROBLEMS

Employ convolution theorem to evaluate the following:

O e
1

Sol. Let us denote F(S) = L G(s)=——
s+a s+b
Taking the inverse, we get
fit) = e™, g(t) = e™
Therefore , by convolution theorem ,

t

1 t
Lt _ [ aalt-u)q—bu du = e (a-b)u d
{(s+a)(s+b)} '([e ©oa=e Ie -

0

ot e(a—b)t -1 _ p bt _g-at
a—b a—b

I I
@ {<>}

Sol. Let us denote
1
s°+a

F(s)=

> G(s) = then

s’+a’
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sin at

f(t) =

Hence by convolution theorem

, g(t) = cos at

t
Ly——= =J.£sm at u cosaudu
(s +a 0@

_ _Jsm at +sin (at — 2au)
2

By using compound angle formula

du,

1 .
=—|usin at—
Za{ —2a 2a

. S
@)L {(s—l)s2 +1}

Sol.

cos(at—ZaU)}t _tsin at
0

Here -, 6(9-

therefore
f(t) = e',g(t) = sint
By convolution theorem, we have

t

1 1 R _te*“_. _
L{m}_'{e sin u du _({2 (=sin u cosu)}0

:%[e“(—sin t—cos t)—(-1)] :%[et —sin t—cost]

1
4. Using Convolution theorem, evaluate L — ("
S(s“+2s+2)

Sol. Since f(t) = Ll{l} =1 and
S

g(t):L‘l{Z;}zL‘l ;2 =e‘tL‘l{ 21 }ze“sint
S°+25+2 (s+D)° +1 s°+1

.. By Convolution theorem, we get
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L{;} _ L-l{i.%} — () * gt = 9O * ()

s(s* +2s+2) S s°+25+2

t
jg(u)f(t u)du = Ie S|nuldu—je sin udu
0

—u t
€ (=sinu—cosu) | = —l[e’u (sin u + cosu)];
1+1 .2

= —%[e‘t (sint+cost)-1.(0+1)] = %[1— e’ (sin t + cost)

1
5. Using Convolution theorem, find L‘l{—}.

(s*+a%)’
- 1 - 1
Sol. Let f (S) = ——— and g(s) = ——— . Then
S"+a S"+a
f(t)= L_l{ 5 1 2}:1 sinatand g(t) = L_l{ 5 ! 2}:£sin at
S"+a a S"+a a

. Ll{ 1 }: L—l{ 1 = 1 ; } = L_l{?(S).E(S)}Z f(t)*g()

(s> +a’)? s’+a’ s’+a

't[ f(ug(t—u)du= jlsm au. —sm a(t—u)du
5 a

0

t
= 2—12j25in ausin(at —au)du
a

t
= 2—12j[cos(2au —at) —cosat]du
a
° .. 2sin Asin B = cos(A— B) —cos(A+ B)

1 {sin( 2au — at)
2a

—CoS atu}
2a

{ism at —tcosat +i5|n at}
2 2

2a a

1 .
= ——(sIn at — at cosat
2 3
a

_r
(s7 +57)°

Note: Find inverse Laplace transform of

Sol. Put a=5 in the above problem.
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1
6. Apply Convolution theorem to evaluate L™ — ("
(s—-2)(s+2)

Sol. Let ?(S) =

— 1
d g(Ss) = ———— sothat
s_2 " 9(s) (s—2)?

f(t)= Ll{%} =e” and

-1 1 _ a2ty i _ta—2t
g(t)=L {(S+2)2}—e L {SZ} te

. By Convolution theorem,

1 1 _ _1L 1 1 AfF(a T _ .
L{m}-L {5_2-(S+2)2} L{f(9)-9()} = ()™ g(t)

¢ t
= I f(u)g(t—u)du = Iezu (t —u)e 2 dy
0 0

t t t
= e’ZtJ'e4u (t—u)du=e™? {t.fe“”du —Iue“”du}
0 0 0

pdu t pdu el !
_e t[TJ _{u_ 1 _1'E} [Integration by parts]

0 0

e—2t l(e4t _1)_ £e4t _ie4t —0+i
4 4 16 16
-2t

P L _i}:e_(—4t+e‘" -1)
4 16 16] 16

= %[e2t —(4t+1)e?]

Alternate Method: Let ?(S) = ! and 6(3) = L
(s s—-2

+2)?

Then f(t)= e2tt and g(t)=e2t
By Convolution theorem,

- 1 [0 2 @20
Ll{(s—2)+(s+2)z}=fe *ue Oy
0

t e—4x e—4u t
=e” (ue™®du=e* {u( j—l{ H , by parts
! —4 16 )|

=%[e2t ~(4t+De ]
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7. Using the Convolution theorem, find

2
N S i L S
) {(s2 +a2)2} (i) {(sz+a2)(sz+b2)}

1 S . 1 1
(i L {32(s+1)2} v L {s(s+1)(s+2)}
Sol.

S S 1
)L —— 1= .
) {(sz+a2)2} {sz+a2 sz+a2}

Let f(s) =

and g(s) = . Then
s?+a? s?+a?

And LY{g(s)}= L-l{ . ! . } “Lenat= g(t), say
S"+a a

-". By the Convolution theorem, we have

t
L‘l{%} = (cos at) *[lsin at] _1 '[ cosausin a(t —u)du
(s“+a) a ay

t
= %I[sin( au + at —au) —sin( au —at + au)]du
0
16 . 1[. 1 t
= —I[sm at —sin( 2au —at)]du :—[sm at.u +—-cos(2au — at)}
2ay, 2a 2a

0

1 . 1 1 t .
=—|tsin at + —cosat ——cosat | = —sin at
2a 2a 2a 2a

S t .
Note: Taking a=1, the above problem becomes L_{—} =—sint

(s>+1%| 2
s S S
i) L -t .
1 {(sz+a2)(sz+b2)} {sz+a2 32+b2}
- — S
Let f(s) = T a and g(s) = 71

Then f(t) =cos at and g(t)=cos bt

} s?
L 1{(52 PV +b2)} = cos at * cos bt

t t
= _[cos au.cosb(t —u)du = %IZCOS au.cosb(t —u)du
0 0
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= %'tf[cos(au + bt —bu) + cos(au — bt + bu)]du
= %j'{cos[(a —b)u + bt] + cos[(a + b)u — bt]}du

[sif(a—b)u+bt} _si(a-+b)u —bt}}t

a-b a+b

[ 1 1 . 1 1
sinatf —— ———— |+sinbt| —— - ——
i a-b a+b a+b a-b
_asin at —bsin bt
a’ —b?
Note:1. Putting a=2 and b=3 in the above problem, we obtain

2
L‘l{ > } - —%(Zsin 2t —3sin 3t)

1
2
= 1 i(sin at —sin bt) +L(sin at +sin bt)}
2 b a+b
1
2

(s®> +4)(s* +9)
2. Putting a=2 and b=5 in the above problem, we obtain.
L‘l{ % } _ 2sin 2t —5sin 5t

(s® +4)(s® +25) 2% —5?

(iii) Since L™ {iz} =t and L_l{ﬁ} =g L_l{iz} =te™,
S S+ S

.. By Convolution theorem, we get

L—1{(s+11) } Iue (t- u)du—tjue ‘du — ju e "du

= i(53in 5t — 2sin 2t)
21

(IV )Using convolution theorem, we get

L—l{;}ﬂ—l{ ! 1} je-m 9 (1—e)du
s(s+1)(s+2) s(s+1) s+2

t e2u t
e—ZtI(eZU _eU)du _ eZt(T_euj

0 0

2t 2t
:e‘Zt[e?—et—%—i—l}ze_m[e?—et +%j %+;e—2t_e—1

1

8. Using convolution theorem, find the Inverse Laplace Transform of

(s> +4)(s+1)?
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Sol, L‘l{ : }zL‘l{ : .1}
(s® +4)(s +1)? (s> +4)(s+1) s+1

Consider L* 5 1 5
(s“+4)(s+1)

Since LY f ()} = Ll{ 21 4} = %sin 2t = f(t)
S™ +

And LH{g(s)} = Ll{i} e = g(0),
s+1
.. By Convolution theorem, we get

_1 1 B *
- {m} 71O

~(t-yu)
sin 2ue du

O ——_—
N| -

j f(u)gt—-u)du=

1 t
=—e‘tjeu sin 2udu
0
t

=1e 5 (sin 2u —2cos2u
2 1° +

0

e {% sin 2t—2c032t)——(0 2)}

I\)ll—‘

1..
=—[sin 2t —2cos2y + 2e™"
10[ y ]

Applying Convolution theorem again , we get

L 1 L 1 1
S2+4)(+D?2 | | (s?+4)(s+1) s+1

t
= Ji (sin 2u —2cos2u +2e™*)e " du

0
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[t t t
-8 _[e“ sin 2udu — 2_|'eu cos 2udu + Zjdu}
10 L0 0 0
ot i QU t ! t
=—|{————(sin 2u—2cos2u)} —2 cos2u +2sin 2u) ¢ +2(u):
10 {12+22( )}0 {12 +22( )}O ( )°]

—t et . 1 et - 1
_OHE (sin 2t —cos 2t — c (0- 2)} - 2{3 (cos 2t + 2sin 2t) — c @+ 0)} +2(t - 0)}

—t
= (:'S—O[et (sin 2t —2cos 2t) + 2 — 2e' (cos 2t + 2sin 2t) + 2 +10t]

-t
= Z—O[et (sin 2t —2cos 2t —2cos 2t — 4sin 2t) + 4 +10t]

e t

"o [e' (—3sin 2t — 4 cos 2t) + 4 +10t]

e t

= 5[4 +10t —e"(3sin 2t + 4cos 2t)]

EXERCISE

By employing convolution theorem, evaluate the following :

— ; . J’;
@ {(s+1)(s+9)2} S L I(Sfl)(s+2)}
—a s 1 . 1
) {mf 7)) L {m}
—1 1 . s 1
3 s s
< {W} @ {(Sz “y
L 1 B 2
@ { st O
- 1 = 1
o L { o aoy L {m}
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ANSWER
B e'(l-e®(1+8t))

64

(2) % (cost —cos 2t)
3) 1 (1—cos2t)

4

1
(4) 3 (cost —cos 2t)

2

(5)%+cost+1

9.5 APPLICATIONS OF LAPLACE TRANSFORMATION

SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS WITH CONSTANT

COEFFICIENTS

Ordinary linear differential equations with constant coefficients can be easily solved by the
Laplace transform method, without the necessity of first finding the general solution and then evaluating
the arbitrary constants. This method is , in general , shorter than our earlier methods and is especially
suitable to obtain the solution of linear non-homogeneous ordinary differential equation with constant

coefficients.

Let us consider a linear differential equation with constant coefficients

dny+a

d nfly d n72y

+a
dt"  tdt"t % dt

(6) l(et _ e72t)
3
7) i(sin at + at cos at)
2a
[
(8) —sinh at
2a
(9) i(sin at +sinh at)
2a

2

(10)1-t +%—et

dy
n-2 +"'+an—1a+any = F(t)

Where F(t) is a function of independent variable t.

Let y(0) =c,,y'(0) =c;.....
Be the given initial or boundary conditions , where €,C1,Cz.....Ch1 are constants.
If a,az,........ an are constants ,then we use

’ yn—l (O) = Cn—l

L{f ™ @)} =s"L{f @)} =" F (0) =" 2 £/(0).....— £ "(0)
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Taking Laplace Transform of both sides of(1) and applying (3) and using conditions (2) , we obtain

an algebraic equation known as “subsidiary equation “, from which ;l(s) = L{y(t)}is obtained .The

required solution y(t) is obtained by taking the Inverse Laplace Transform of 9(3) .

Working rule to solve differential equation by Laplace Transform Method.

X3

8

Take the Laplace Transform of both sides of the given differential equation
Use the formula

(i) L{y'®)}=sy(s)- y(0)
(i) L{y"®)}=s?y(s)-s.y(0) - y'(0)

(iii) L{y"(t)} = s y(s) = s.y(0) =5.y(0) ~ y"(0)
Replace y(0), y'(0), y"(0) with the given initial conditions.
Transpose the terms with minus signs to the right.

X3

8

X3

8

X3

8

X3

8

Divide by the coefficient of 9 , getting 9 as a known function of s.

X3

8

Resolve this functions of s(obtained in step5) into partial functions.

>

Take the Inverse L.T of § obtained in step 5. This gives y as a function of t which is the

X/

8

required solution of the given equation satisfying the given initial conditions.

PROBLEMS

1. Using Laplace transform, solve (D* +4D +5)y =5 give that y(0) =0, y"(0) =0.

Sol. Given differential equation can be written as
y"+4y'+5y =5
Taking Laplace transform of both sides , we get
L{y"}+ 4.L{y}+5.L{y} = L{5}
ie, [s°L{y}~s.y(0) - y'(0)] + 4[s.L{y}~ y(0)] + 5.L{y} = 5..{1}

5
Using the given conditions, it reduces to (52 + 4s +5)L{y} = 3

= L{y}= > 1 s+4 (resolving into partial fractions)

s(s? +4s+5) TS s2+4s+5

Ly L—l[l_f;“)} _ L-l{z}_ L { (s+2)2+2}
S (s“+4s+5 S (s+2)° +1

Inverse Laplace transform

=1—e2t.Ll{ 52+ 21} (Using First shifting theorem)
S° +
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:1—e2‘.Ll{%l+ 22 1}:1 e ?'(cost + 2sin t)
s?+1 s*+

The special advantage of this method in solving differential equations us that the initial
conditions are satisfied automatically. It us unnecessary to find the general solution and then determine
the constants using the initial conditions.

2. Using Laplace transform method, solve. (D* +1)y = 6cos2t,t >0 if y=3,Dy =1whent =0.

Sol. Given equation is y"+y =6c0s2t
Taking Laplace Transform on both sides of the equation, we get
L{y"}+ L{y} = 6L{cos 2t}
Using the given conditions y=3,Dy=1 at t=0, we get
65
‘+4
6s 3s 1
2 2 + 2 + 2
(s“+4)(s“+1) s°+1 s°+1
S 3s 1 5s 2s 1
=2 to it e o
s2+1 sP+4] sP+1 s+l s2+1 sP+4 si+l
Taking Inverse Laplace transform, we get

y:5L1{ ZS l}—ZLl{ 25 4}+ Ll{ 21 l}:5cost—20052t+sint
s? + s? + s? +

3. Using Laplace transforms solve (D®+5D +6)X =5e'.giventhat X (0) =2 and X'(0) =1.

(s> +1)L{y}-3s— 1—

Or L{y}=

Sol. Given equation is X" 4+ 5x’ + 6x = 5¢ (1)
Taking Laplace Transform of both sides of (1), we get

L{X"}+5.{x}+6L{x}=5.L{e'}

e [57L0% - ()~ X(0) ]+ SISLIX} - x(O)]+ 6L0G =
Putting the values x(0) = 2, andx’(0) =1, weget

[s2L{x3— 2x — 1]+ S[{sL{x} — 2+ 6L{x} = Si_l
5

ie, (s* +5s+6)L{x}-2s-11= =

ie, (s° +5s+6)L{x}= %+ 2s+11
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5 N 2s+11
(s—1)(s*+55+6) s*+55+6

S x=5L" L Pk

(s-D(s+3)(s+3) (s+2)(s+3)
SYRVE N T Y
_ 12 s-1 3 s+2 4 s+3 s+2 s+3
(Resolving into partial fractions)

gt P o T e o o] B e R e
12 s-1) 3 s+2] 4 s+3 S+2 s+3

or L{x}=

. By using Laplace transform .solve the initial value problem y” =tcos2t, y(0) = Oandy’(0) =0

Sol. Given initial value problem is y" =tcos2t, y(0) =0 and y'(0) =0

Taking Laplace Transform of both sides of the equation, we get
L{y"} = L{t cos 2t}

ie.,s’L{y}-s.y(0)— y'(0) = (-1) % L{cos 2t}

_(_1)1( s j_ s?—4
ds\s®+4) (s®+4)?
Using the given conditions, it reduces to

s? —4
SP{y}=——
U} (s® +4)?

s? -4
s?(s? +4)?

2_4
y=Lt St 1
y {sz(s2 +4)2} (1)
s?—4
s?(s? +4)?

ie, L{y}=

Consider
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A s S sh1a (s2+a)
= 5% —4=As(s* +4)* +B(s® +4)* + (Cs+ D)s*(s* +4) + (Es + F)s’
= As(s* +8s” +16) + B(s* +8s” +16) + (Cs® + Ds?)(s* +4) + (Es® + Fs?)
= A(s® +8s° +165) + B(s* +8s” +16) + (Cs® + Ds* +4Cs® + 4Ds?) + (Es® + Fs?)
=s°(A+C)+s*(B+D)+s*(BA+4C +E)+s°(8B+4D +F) +5s(16A) +16B

s?—4 A B Cs+4 Es+F
2

(2)

Comparing like coefficients, we get

A+C=0 - (3)
B+D=0 . (4)
8A+4C+E=0 . (5)
8B+4D+F=1 .. (6)
16A=0=A=0 w (7)
1

1682—4:>B:—Z ..... (8)
From (3) and (7), we get
C=0
From (4) and (8), we get
D=-B= 1

4

From (5), E=-(8A+4C)=0
From (6), F=1-(8B+4D)=1-(-2+1)=1+1=2
Substituting all these values in(2), we get

s?—4 -1 1 2
- s=— + > +— > w(9)
s°(s° +4) 4s 4(s°+4) (s +4)

From (1) and (9), we get

_1 -1 1 1_1 1 -1 1
S o el G +2LN—
T P i v

=_—1t+£.lsin 2t + 2.
4 4 2 2(2)°

{ Ll{( : ! z)z}z 213 (sin at—atcosat)}
s’ +a a

_—t+lsin 2t+1(sin 2t — 2t cos 2t) :_—t+isin 2t—1tc052t
4 8 8 4 4 4

[sin 2t — 2t cost]
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=%(sin 2t —t —tcos2t)
d?x : . r
. Solve F+9x=smt, given that x(0) =1, x 5 =1 .

Sol: Given equation can be written as

X"+x =sin t

Take Laplace transform on both sides, we get
L{x"}+ L{} =L{sin t}

1

e, [s?L{x}— s x(0) - X (0) ]+ L{x3 = 7.1

Using the given condition, it reduces to

SL{x}-s—b+9L{x}= {taking x'(0) = b}

s?+1
ie(s® +9)L{} = +s+b
( ){} s?+1
or L{x} = 1 s+b

(?11)(s2+9) " (s2+9)

Take Inverse Laplace transform on both sides, we get

x:lLl{ 21 —~ 21 }+L1{ ZS }+bL1{ 21 }
8 s“+1 s°+9 $°+9 s°+9

X :l sin t—lsin 3t |+ cos3t +Esin 3t
8 3 3

x=lsint+c053t+1(b—l)sin 3t @
8 3 8

1

Given x(zj
2
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Hence the solution is

X :%(sin t—%sin 3tj +cos3t —gsin 3t (from @ and (2) )

6. Solve by using Laplace transform method

y'+y=te™" y0)=2
Sol: Taking the Laplace transform of the given equation, we get

Lo - yO)l+ LEyth=
(s+1)
Using the given condition , we get
1
(s+1L{yt}-2= 1)

So that

2
L{y(t)}= 25° +4s+3

(s+1)°

Taking inverse Laplace transforms, we have

2
Y(t): L_l{Zs +4s +3}

(s+1)°

e {2(s+1—1)zs++41(;+1_1)+3}

Ul )

:%e‘t(t2 +4)
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This is the solution of the given equation.

Solve by using Laplace transform method :

7. y"+2y'-3y=sint, y(0)=y'(0)=0
Sol:
Taking the Laplace transform of the given equation, we get

5LEY0} - 570) - yO) )+ 2ls LEy(O} - Y- 3 L yOh= -
2 _ 1 — 1
Ly OYs” +25-3]- 1 -{y(r= (s—1)fs+3)s*+1)

] 1
(or) y(t)=L {(s ~1)s+3)s? +1)}

_a| A, B CS+D}

+ 2
|S—1 s+3 s°+1

s 1
1 1 1 105
s—1 40 s+3 s?+1

=L

|-

By using method of partial sums and using the given condition , we get

e Lo —i(cost+23in t)
8 40 10
2
(8) Solve d ;(+2%+x:3te“, given that x =4, %zo att=0.
dt dt dt

Sol: Given equation can be written as

X" +2X'+x =3te™
Take Laplace transform on both sides, we get
L{X"}+ 2L{x'}+ L{x} =3te™
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3

(s+1)°

[s2L03 - s X(0) - X (0) |+ 2[sL{3 - x(0) ] + L{x} =

Using the given condition , it reduces to

SL{x}—4s+2sL{x}-8+ L{x} = 3 -
(s+1)
(s? + 25+ 1)L} = ~+45+8
s+1
3 4s+8

L= (s+1)* i (s+1)

Take Inverse Laplace transform on both sides, we get

x=alt] L liga) S Lig) b
(s+1) (s+1) (s+1)
x =3¢ Ll{%} s Ll{s _21} 1 ge Ll{iz}
S S S
t3
x:e‘(—+4t+4]
2

9. Solve the differential equation

2
(iltzx _4%—12x —e®, given that x(0) =1, x*(0) =2 .

Sol: Given equation can be written as

X'—4x —12x =e™
Take Laplace transform on both sides, we get
L{x"}—4L{x }-12{x} = L{e*}

e, [s2L{3 — s X(0) - X (0)] - 4sL{x3 - s x(0)] - 12 L{x}=s—i3

Using the given condition, it reduces to

160



SL{x}—s+ 2—4sL{x}+4—12L{x}:L3
S_

ie.(s+2)(s—6)L{x}= +5—6

s—31

1 1

o L{X}:(s+2)(s—3)(s—6) Y

Take Inverse Laplace transform on both sides, we get

x=L" ! + L‘l{i}
(s+2)(s—3)(s-6) 5+2

1 A B C

i (S+2)(S_3)(5—6):(S+2)+(5—3)+(S_6) """"" @)

1=A(s-3)(s—6)+B(s+2)(s—6)+C(s+2)(s-3)

Puts=-2in (2),1=40A = A=%

Put s=3 in (2),1=-158 = B=_%

Put s=6 in (2),1=24C :>C=2—14

Substituting the values of A,B and C in (2), we get

1 1 11
(s+2)(s—3)(s—6) 40(s+2) 15(s—3) 24(s—6)
Hence

. LL—l(Lj_i L—{L}ig{i)
40 s+2) 15 s-3) 24 S—6

Hence the solution is
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10. A particle is moving along a path satisfying , the equation

2
d—2(+6d—x+25x:0

where
x denotes the displaceme nt of the particle at time t. If the initial position of the particle is at x = 20

and the initial speed is 10, find the displaceme nt of the particle at any time t using Laplace transform

Sol: Given equation may be rewritten as
X'"'(t) + 6X (t) +25x%(t) =0

Here the initial conditions are x(0) =20, X' (0) =10.
Taking the Laplace Transform of the equation, we get

20s+130
Lix(®) fls* + 65+ 25|—20s —130 =0 Lixt) j=————
{x()}[s e ] ° o {X()} s +6s +25
So that
X(t) = L 205+213O 4 20(s+12%)+70
(s+3)° +16 (s+3)° +16 |

3 1
T ) i P T 7 | B S
[(s+3)2 +16 | [(s+3)2 +16}

73t -
_ 206 cosdt 4355 on4t

This is the desired solution of the given problem.

(11) A voltage Ee™ is applied at t = 0 to a circuit of inductance L and resistance R.

o E -x
Show thatthe  current at any time tis 5 I_{e‘f"‘—e L}
-a

Sol.

The circuit is an LR circuit. The differential equation with respect to the circuit is

di | .
L—+Ri=E(t
o (t)

Here L denotes the inductance, i denotes current at any time t and E(t) denotes the E.M.F.
It is given that E(t) = E e®. With this, we have

Thus, we have
L%+ Ri=Ee™ or Li'(t)+Ri(t)=Ee™
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UL, i@]+RL, i®]=EL )  or

Taking Laplace transform (L, ) on both sides, we get

. . . 1
L[s L, i(t) —i(0)]+R[L; i(t)]= Em
Since i(0) =o,weget Ly i(t)[sL+R]= E or
S+a
. E
L; i(t) =
0= v 6L R)
Taking inverse transform LT, weget i(t) = L7 E
(s+a)(sL +R)

__E L ! -L L \
R-aL s+a sL+R

Thus

Rt
] E . —
i(t) = e dt_pg L
® R—aL[ }

This is the result as desired.

EXERCISE

Solve the following Differential equations using Laplace Transforms:
1) y"+2y"—y'=2y=0 given y(0)=y'(0)=0, y"(0)=6
2) y-2y"+5y'=0, y(0)=y'(0)=0, y"(0) =1

3) y'+y=t, y(0)=1, y'(0)=-2
4) (D*+1)y=1, y=Dy=D’y=D%=0att=0

5) y"+9y=cos2t, y(0)=1, y(%}_l
6) y' -3y’ +2y=4t+e*, y(0)=1y'(0)=-1
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7) (D*-1)y=1, y=Dy=D?’y=D% =0att=0

d’y _d’y _dy 21 dy d?y
8 —-3—+3—=- :te, iven that 21, —:0,
) dt® dt? dt y g y dt dt?

=-2att=0

9) (D*+2D?+1)y=0, y=0,Dy=1,D?y=2,D% =-3 att=0
10) (D2+n2)x:asin(nt+2), x(0)=x"'(0)=0

ANSWERS

-2t

1).y=e"-3e"+2e
2)y :l—let cos 2t +ietsin 2t
5 5 10
3) y =t +cost—3sint
e—t 2 ECOS[th
4)y=1+—-Ze
)Y 33
1 .
5)y = g(cos 2t + 4sin 3t + 4cos3t)

6)y =2t+3+%(e3t —e')-2¢*
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